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Abstract. In this paper we consider the periodic Benjemin-Ono equation. 
We will establish the invariance of the Gibbs measure associated to this equa- 
tion, thus answering a question raised in Tzvetkov |20l . As an intermediate 
step, we also obtain a local well-posedness result in Besov-type spaces rougher 
than L^, extending the well-posedness result of Molinet I14| . 



1. Introduction 

In this paper we study the periodic Benjamin-Ono equation 

(1.1) ut + Huxx^uux, (i,x)e/xT, 

where / is a time interval, and T = M/27rZ. Also the Hilbert transform H is defined 
by Hu{n) — — i • sgn(n)M(n), where we understand that sgn(O) = 0. Since equation 
(|1.1[) . as well as the truncated version to be introduced below, preserves both the 
reality and the mean value of u, we shall assume throughout this paper that u is 
real-valued and has mean zero. Under this restriction, (jl.ip is a Hamiltonian PDE 
with conserved energy 

(1.2) E[u]= [hdl'^u\'-lu\ 



jt2' " ' 6 

Being completely integrable, it also has an infinite number of conserved quantities 
at the level of for < ct € Z, including the mass. 

We briefly summarize the relevant previous study of (|l.ip as follows. First, 
the classical energy method yields local well-posedness in H'^ (T) for a > 3/2, see 
[llj . By conservation laws, this implies global well-posedness in (say) H^. In |18) . 
Tao introduces a gauge transform to prove the well-posedness result in for the 
Euclidean counterpart of (jl.ip . This approach is then adapted by Molinet-Ribaud 
[T5] to prove the well-posedness in the periodic case. Then Molinet in [T3], [S] 
further improves this result to and then L^. For the Euclidean version we now 
also have well-posedness in L^, sec Burq-Planchon [4 and lonescu-Kenig [lOj . 

Starting from the pioneering work of Lebowitz-Rose-Speer [T^] and Bourgain [T], 
there has been considerable interest in constructing Gibbs measures for Hamiltonian 
PDEs and proving their invariance. From the dynamical system point of view, 
this provides the natural invariant measure for the system (which is the first step 
in studying this system's long time behavior); from the PDE aspect this is also 
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important since it tells us exactly how rough a space can be so that we still have 
strong solutions for generic initial data. In this regard, such results can be viewed 
as variations on the theme of classical low-regularity well-posednesf0- Among the 
important results in this field we only mention a few: Bourgain [1], [2], Burq- 
Tzvetkov [5], [6], Colhander-Oh ^8^, Nahmod-Oh-Bellet-Staffilani [16]. 

The study of along this line is initiated in Tzvetkov [20] where the Gibbs 
measure is rigorously constructed (see I20| for details; this construction is also re- 
viewed in Section |4] below). In order to to prove its invariance, one has to construct 
global fiow on its support; since this measure is supported in spaces rougher than 
(namely i^(T) has measure zero), the well-posedness result of Molinet [13] will 
not apply. Nevertheless, in Section 5 of [20], the author makes several important 
observations regarding the behavior of the gauge transform and second Picard it- 
eration for random data, which suggest that global well-posedness and measure 
invariance may still hold despite the low regularity. 

In the current paper we will solve this problem by establishing the invariance of 
the Gibbs measure. To be precise, we will construct an almost-surely defined (and 
unique) global fiow for (11.11) in some Besov-type space Zi rougher than L^, and 
prove that the Gibbs measure is kept invariant by this fiow. 

Remark 1.1. Very recently, Tzvetkov- Visciglia [21], [22] have constructed (and 
proved the invariance of) weighted Gaussian measures associated to the conserved 
quantities of (II. 1|) at the level of H'i for even cr > 6. From this point of view, 
the remaining cases are a G {2,4} and cr > 3 odd (since the Gibbs measure cor- 
responds to fj = 1, and we do not expect a positive result for cr = 0). We believe 
that these cases are easier than the cr = 1 case and can be solved by combining the 
low regularity analysis here and the probabilistic arguments in [51] , [52] . 

1.1. Notations and preliminaries. Throughout this paper, the standard nota- 
tions, such as <, > and 0{*), will always be used in terms of absolute values. The 
Japanese bracket (x) will be (1 -I- |a;p)2 and N will denote the set of nonnegative 
integers; the characteristic function of a set E is denoted by 1^; and if E is finite, 
its cardinality is denoted by #£'. We will use P* to denote (spatial) frequency 
projections; for example P+ (or P<o) will be the projection onto strictly positive 
(or non-positive) frequencies and V>x will be the projection onto frequencies with 
absolute value > A. We may use the same (latin or greek) letter in different places, 
but its meaning will be clear from the context. 

Define V to be the space of distributions on T that are real-valued and have 

mean zero; in other words / € V if and only if /(— n) = /(n) and /(O) = 0. Let Vn 
be the subspace of V containing functions of frequency not exceeding N (so that 
Vjv is identified with M^^), and be its orthogonal complement. Let and Hj^ 
be the projection to the corresponding spaces, we actually have IIjv — P<n and 

= p>jv. 

We use a parameter s > that will be chosen sufficiently small. The large 
constants C and small constants c may depend on s; Any situation in which they 
are independent of s will be easily recognized. We choose a few other parameters. 



See [2] for a general discussion about the notion of well-posedness in probabilistic sense. 
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namely {p, r, b, r, q, k, 7, e), as follows: 

2 o 11,1m „i3 

p = hs, r = , b = s » ,T = 8 — s » , 

^ l-2s ' 2 p' 2 

q = 1 + , K = 1 — , 7 = 2 — s^-^, e = si . 
When s is small enough, we have the following hierarchy of smallness factors: 

(1.3) < 2-7<r-.s=i-i-s<i-6< 

2 p 2 

< e<8-r<(?-Kl-K<s<s^. 

In (|1.3p each <C symbol connects two numbers that actually differ in scale by a 
power of s. We will also use 0+ to denote some small positive number (whether it 
depends on s will be clear from the context); the meanings of 0—, and a+, a— are 
then obvious. Finally, using these parameters, we can define the space Zi b}0 

(1-4) ll/b, =supf ^2^'«^|7(n)| 

In addition to (|l.ip . we will introduce finite dimensional truncations of it. Fix 
a smooth, even cutoff function i/' on R which equals 1 on [— ^, ^] and vanishes 
outside [— |, |]. We also need another function ^pi with the same properties, and 
let "02 = 1 — ■01- a positive integer iV, we define the multiplier Sn by 

(1-5) ^/(n)=V'(^)/H. 

We also allow N — 00, in which case Soo — 1- The truncated equations are then 
(1.6) ut + Huxx = Sn{Snu ■ SnUx). 

Notice that (|1.6p conserves the mass of u; also, if u is a solution of (|1.6p whose 
spatial Fourier transform u(n) is supported in |n| < N for one time t, then this 
automatically holds for all time. 

1.2. The main results, and major difficulties. With these preparations, we can 
now state our main results. The most precise and detailed versions are somewhat 
technical, and will be postponed to Section [T^ 

Theorem 1.2 (Local well-poscdness) . For any A>0, let T = T{A) = C^'^e^^'^; 
then for the metric space BO^ in Definition \12.1\ which contains C'^([— T, T] — >■ Zi) 
as a subset, we have the following. For any f with ||/||zi < A, there exists a 
unique function u G BO^ , such that u(0) = /, and u verifies hl.l]) on [— T. T] in 
the sense of distributions (we may define uUx as a distribution for all u G BO^ ; 
for details see Remark \12.2]) . Moreover, if we write u — (f>/, then the map <I>, from 
the ball {/ : ||/||zi < A} to the metric space BO^ , will be a Lipschitz extension of 
the classical solution map for regular data, and its image is bounded away from the 
zero element in BO^ by Ce'^^. 



"'^Here when we write n ~ 2**, we are actually including n = when d = 0; we will neglect this 
issue in later discussions. 



4 



YU DENG 



Theorem 1.3 (Measure invariance). Recall the Gibbs measure v on V defined in 
[20j . which is absolutely continuous with respect to a Wiener measure p (see Section 
\4-l\ for details). There exists a subset S o/ V with full p measure such that for each 
/ e S, the equation has a unique solution u £ (^Tyot^O^ (in the sense 

described in Remark \12.2\} with initial data f. If we denote u = $/ ~ {'^tf)t, then 
for each t G M we get a map f i— ;> <^tf from E to itself. These maps form a one 
parameter group, and each of them keeps invariant the Gibbs measure v. 

The analysis of (jl.ip below l? is extremely subtle, even compared to the 
theory. The first step is to use the gauge transform to obtain a more favorable 
nonlinearity; this already becomes problematic with infinite l? mass. In fact, when 
we use the gauge w = P-)_(Me~i^^ as in [M], the evolution equation satisfied by 
w would be 

(1.7) {dt - \d^.,)w = ^a,P+(a-iw • 5,P-(wa-iii;)) + -^^{u^)w + GT, 

where GT represents good terms. Here one can recognize the term Po(u^)u' that 
can be infinite for u ^ Z\. However, when we further analyze the cubic term above, 
we find another contribution, namely the "resonant" one, which is basically some 
constant multiple of Podwp)^. It then turns out that the coefficients match exactly 
to give a multiple of ||it;||^2 — I|P+'"IIl2- Since (at least heuristically) 

(1.8) w = P+(Me-^^- '") = P+u • 6^5^. + GT, 

this expression will be finite even if u is only in Z\. 

The next obstacle to local theory is the failure of standard multilinear X*'^ esti- 
mates, which play a crucial role in [M]. Recall from (|I.7p that a typical nonlinearity 
of the transformed equation looks like 

(1.9) a,p+(a-iu;-a,p_(uy9-iu;))- 

If the frequency of df.^w appearing in wd~^w is low, we may pretend this frequency 
is zero, obtaining a quadratic nonlinearity which is similar to the KdV equation. 
In fact, there is a similar failure of bilinear estimates for the KdV equation below 
^ which is necessary in proving the invariance of white noise. This problem is 
solved in [17] by considering the second iteration, a strategy already used in [3 . We 
will use the same method, though the fact that our nonlinearity is only quadratic 
"to the first order" makes the argument a little more involved. 

There is also a special cubic term, omitted in (jl.7|) . which involves the function 
z = P_(ue~^'^=" Recall that it is w, not z, that satisfies a good evolution 
equation; therefore z is not supposed to be bounded in any X'^'^ space where s 
is close to and b close to ^ (note z is basically w multiplied by a smoother 
function, but X^'^ spaces are not closed under such multiplications). In [14], Molinet 
introduces the space X~-^''s to accommodate z (he actually considers u, but the 
estimates for z will be the same). In our case, not only do we need (a slightly 
different version of) this space, but we also have to introduce an atomic space 
characterizing, roughly speaking, how z is "shifted" from w; see Section 12.21 for 
details. 
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Passing from local theory to global well-posedness and measure invariance is 
another challenge. The only known method is to produce finite dimensional trun- 
cations such as (jl.Sp . exploit the invariance of the (finite dimensional) truncated 
Gibbs measures, and use a limiting procedure to pass to the original equation. This 
requires, among other things, uniform estimates for solutions to (|1.6p . The major 
difficulty here is that the gauge transform in [T4| is now inadequate for eliminating 
all the bad interactions. To see this, recall that when v = Mu with some function 
M, then 

(at-ia,,)w = M{dt-id^^)u~2id^Md:,u + GT 
= M ■ S{Su ■ Su^) - 2iM^u^ + GT, 

where we assume u verifies ()1.6p with S = Sn- If 5 = 1, then this worst term can 
be made zero by choosing M — e"2"x but it is impossible when S = Sn with 
N finite but large. However, note that we only need to eliminate the "high-low" 
interactions where the factor Su contributes very low frequency and Su^ contributes 
high frequency, and this is indeed possible if we replace multiplication by M with 
some carefully chosen operator defined from a combination of S (which is a Fourier 
multiplier) and suitable multiplication operators. See Section [5T] for details. 

Finally, in order for the limiting procedure to work out, we must compare a 
solution to (|1.6p with a solution to Since ■ip{n/N) equals 1 only for |n| < N/2, 

the difference will contain some term involving factors like P>jvu, which does not 
decay for large TV due to the nature of our norm Zi. Nevertheless, these bad 
terms eventually add up to zero, at least to first order, which is enough for our 
analysis. Note that the bad terms involve tp factors which are unique to (jl.6[) and 
are not found in , this cancellation is really something of a miracle. See Section 
[6] for details. 

1.3. Plan of this paper. In Section [2] and Section[3]we will define the spacetime 
norms needed in the proof, and prove some linear estimates as well as auxiliary re- 
sults. In Section[4]we provide the basic probabilistic arguments. We next introduce 
the gauge transform for (|1.6p and derive the new equations; these will occupy Sec- 
tions [5][71 From Section [5] to Section [T^ we will prove our main a priori estimates. 
Finally, combing these estimates with the standard probabilistic arguments, we will 
prove in Section [13] (local and almost sure global) well-posedness for (|l.ip and the 
invariance of the Gibbs measure. 

1.4. Acknowledgements. The author would like to thank Alexandru lonescu for 
his encouragement and constructive suggestions regarding the gauge transform; he 
would also like to thank Tadahiro Oh for introducing the problem and suggesting 
the treatment used in 3 , and Xuecheng Wang for helpful discussions about the 
proof of Proposition 13.61 

2. Spacetime norms 

2.1. The easier norms. For a function u defined on T x M, we define its spacetime 
Fourier transform u r by 

uix,t) = y] [ -xe'("-+«*)de, 
„ Jr 
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and denote Un,^ = '■~ ^n.?-|n|n- Thus we have three ways to represent u: 

u{t, x) as a function of t and x, |- as a function of n and ^, and Un,^ as a function 

of n and ^, where the ^ and ^ are always related by ^ = ^ — \n\n. Since we will be 
dealing with more than one function, n and ^ may be replaced with other letters 
possibly with subscipts, say mi or /32- To simplify the notation, when there is 
no confusion, we will omit the "hat" and "tilde" symbols; for example, if we talk 
about an expression involving Wm,5, it will actually mean Um,a- The appearance 
of functions / defined on T will not be too frequent, but when they do appear, we 
will adopt the same convention and write for example /„ instead of f{n). 

We will need a number of norms in our proof. As a general convention, when 
we write a norm as t^L^, this will mean the l^L^ norm for some u (which equals 
the l^L^- norm for u)\ the meaning of L^l^ will thus be clear. The space-time 

Lebesgue norms will be denoted by L^L^ etc. For example, in this notation system 
the expression llulLoo p j^i actually means 

d > r^O^ 



sup 

(i>0 



E 



Next, observe that up to a constant. 



(2.1) 



E/ E 



ni-\-n2-\-nz—n 



n 



?l+«2+C3=C 1 = 1 



If follows that if \un,e\ < Vn,e^^ then ||it|jL6^6 < For any function u we 



define by {^u)n,(, 
norms we will use: 



|m„^^|, then ||*Jtu||L8^6 is a norm of u. Now we list the 



(2.2) 


||tt 


X, = 




(2.3) 


||u 


X2 = 




(2.4) 


||u 


X3 = 


\\{n)~^Ulu\\L6L6; 


(2.5) 


||u 


Xi = 


\\{n)-'{0^u\\nL^; 


(2.6) 


||u 


Xs = 


\\'^\\i^^„Lip 


(2.7) 


||u 


Xe = 




(2.8) 


||u 


Xr = 





We also recall the norm Zi defined in Section 11.11 and rewrite it as 
(2.9) \\f\\z,^\\{nrf\\i^,^ y 



2.2. The Another norm. We will need another spacetime norm, denoted by Xg, 
which is a little tricky to define. 

Consider the space of functions u of (n, ^) e Z x M, normed by 

(2.10) \\uU = \\u\\l^p. 
The additive group Z acts on this space by 

(2.11) (7r„oU)(n,0 = ""(" + "•0,^ + I" + "•oK'T- + "tiq) - \n\n). 
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If we write 

(2.12) 5 : Z X M ^ Z X K, (n, ^) i-^ (n, ^) = (n, ^+ \n\n), 
then we would have 

(2.13) 7r„o-u = u o 5 o T„„ o 

where Tn„ :ZxR— >ZxMis the translation (n, ^) H> (n + ng, ^). We then define 
the atomic y norm by 



(2.14) \\u\\y 



= inf I ^{uiY'^^lail : u = ^a^Wi, ||7r„,Ui||$ < l|. 



The Xs norm is thus defined by 

(2.15) \\u\\x, = sup |lP^2^"b := sup |lP^2-ub, 

d>0 d>0 

where the last inequality is due to our convention. 

Remark 2.1. In (|2.14p . the convergence takes place in a suitable weighted ^ space. 
Therefore, when v is rapidly decaying in n and ^ (for example, \v\ < (I'^-l + ICI + l)^^'^*' 
will suffice), the sum ^^ai(ui,'y) will converge absolutely to {u,v), provided the 
^j(ni)'* \ai\ is finite, where (u,w) denotes (up to constant) the standard pairing 

(2.16) {u,v) — / u{t,x)v{t,x) dtdx — "S^ / Un^^u^d^. 
2.3. The space in which we work. Define 

(2.17) \\u\\y, = \\u\\x, + \\u\\x2 + \\u\\x, + \\u\\x, + \\u\\xr; 

(2.18) \\u\\y2 - \\u\\x2 + Mxs + \H\x, + \\u\\xs- 

Moreover, for each space Z (which can be Yi, I2 or any other space) we defin^^ 

(2.19) \\u\\zT ^ inf : v\[_t,t] = "IhT.T]}- 
This [—T, T] may also be replaced by any interval /. 

The main spacetime norms we shall use in the whole bootstrap argument are 
and , while other norms may be introduced whenever necessary. 

3. Linear estimates, and more 

Here we shall prove our main linear estimates, as well as some auxiliary results. 
Proposition 3.1 (Strichartz estimates). For any function u, we have 

(3.1) hllL^L-^ < \\{nY{£.fu\\i2L2, 
provided that the parameters are set as 

(3.2) (k,o,P) e {(2,0,0),(4,0,^),(6,s5,i + 55),((X3,i + 55,i + s5)}. 



^Note that any function in our space Z will actually be a bounded continuous function of t 
with value in (say) H~^^{T). 
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Proof. When {k,a,/3) ~ (2,0,0), the mequahty p.ip is smiply Plancherel; when 
(fc,cr,/3) = (oo,i + s^i + s5),this can also be easily proved by combining Hausdorff- 
Young and Holder. When (fc, u, /3) = (4, 0, |), the inequality reduces, after separat- 
ing positive and negative frequencies and using time inversion, to the Strichartz 
estimate for the linear Schrodinger equation on T which is well-known; see for 
example [19], Proposition 2.13. 

Now we assume k = 6, a = s^ and /3 = ^ + s^. A gain by separating positive and 
negative frequencies and using time inversion, we only need to consider the case 
for the Schrodinger semigroup, thus in this proof our convention will change to 
£, = £, +n'^. Now for any ftmction u with the right hand side of p.l|) not exceeding 
1, we write d„.j = (n)'^ (O^^'* '^ri,^ using our (different) convention, and compute 
up to a constant that 

3 

(3.3) J2 n (/"I *-^«2 */n3)f+„2+„2+„2, 

where 

(3.4) (/«)« = 

By our assumption we have 11(0^^" /nJli^ ^ where {An} is some sequence 
satisfying ||A||;2 < 1. By (the Fourier version of) the product estimate for iJ°'(]R) 
spaces, we deduce that 

(3.5) ifni * /n2 * fn3)ri — iv) ^ {9nin2n'i)ri'i Il5ni"2n3 II ^^ni^n2^n3- 

Therefore we can estimate 



X 



"l+"2+"3=" 1=1 

n2n3;^+„2_|_„2^„2 



^ ^ \i.9nin2n3)' 



' rii+ji2+n3=n 

Now to finish the proof if will suffice to show 

(3.6) n(«'^)"'"' + "2 + «3)"'"'"' <C> 

when n and ^ are fixed. Now suppose the maximum (in absolute value) of rii and 
S = ^ -f 71^ + -f n| be comparable to 2'^, and S ~ 2'* , then the summand is at 
most 2"'' '^'^^'^ \ so it will suffice to show that there are at most 2'' choices 
for (ni,n2,n3). Since their can be at most 2"^ possibilities for nl + ii^ + ng, we 
only need to show that there are at most 2" choices for (rti, 712,^^-3) if we require 
\ni\ < 2^^, and fix ni -I- n2 + J^s = n and n\ + n'^-\- 7i|. But then rrii = irii — n will be 
integers for i E {1, 2}, and mf + mim2 + rn^ will be a fixed integer not exceeding 
C2^'^. The result then follows from the divisor estimate for the ring Z[e^]. □ 

By Proposition l3 . 1 l and interpolation, we get a series of L^L^ Strichartz estimates 
for all 2 < fc < 00. It is these that we will actually use in the proof; we will not care 
too much about the exact numerology because there will be enough room whenever 
we use these estimates. 
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Proposition 3.2 (Relations between norms). We have the following inequalities: 
(3-7) llulU,, ^ l!"IUi + \\u\\x4, \\u\\xa ^ \\u\\xs; 

(3-8) ||li||A-i + \\u\\x, + Mx, + Mxr < Mxe- 

Note that this in particular implies \\u\\xj ^ 1 1^1 1 11 */ 1 l£ j ^ 8 and J 7^ 6. 
Proof. By Proposition 13.11 and hierarehy (jl.3l) we know that 

(3.9) h|U3 <||(n)-4(0^+''«ll;^L- 

Comparing this with the definition of Xi and X4 , noticing that 7 < 2 and by l\l.'6\i 
and Holder, 

\\u\\x,>\\{n)-HO'\\PL^. 
we will be able to prove the first inequality in p.7p provided we can show 

(3.10) < (n)-i(O'^ + {nrHO'- 

But this is clear since by (|1.3p . the left hand side is controlled by the first term on 
the right hand side if (^) > (n)^*"^, and by the second term if (^) < (ri)^"°. The 
second inequality in (|3.7p is also easy, since we only need to prove \\u\\y < ||w||Lg/2, 
which is a direct consequence of the definition (|2.14p , if we choose to have only one 
term (with the corresponding Ui — 0) in the proposed atomic decomposition. 

Now let us prove p.Sp . The Xi norm is controlled by Xq norm because s < r, 
b < i + s^, and 2 < p. For basically the same reason we can use Holder to show 
||w||x2 + II^IIaTt ^ ll'^llxe- Finally, to prove HmUxs ^ ll'^llxej "we only need to show 
that llg^lli? < IKO^^'* ffilU^i but this again follows from Holder since q > 1. □ 

Next, we introduce the (cut-off) Duhamel operator £ defined by 

(3.11) £u{t, x) = x{t) f x{t'){e'^'-''^"''-u{t')){x) dt\ 

Jo 

where x{t) is a cutoff function (compactly supported and equals 1 in a neighborhood 
of 0) in t. Here and below we shall use many such functions, but unless really 
necessary, we will not distinguish them and will denote them all by x (for example, 
we write x^ = x)- We shall summarize the required linear estimates for £ in 
Proposition 13.41 below, but before doing so, we need to introduce two more norms, 
namely: 

(3.12) \\u\\x, = WinVuWi^ r..^. 

(3.13) hllx.o = \\i<iO-^u\\i^^,L^i.^^y 
Lemma 3.3. Suppose v{t,x) — £u{t,x), then with constants Cj, 

(3.14) Vn.^=c,{xHv-\x*u,,.,),)) +cJ f ii^^d^Vxc. 

Here the ^ is to he understood as the principal value distribution. This operator 
obeys the following basic estimates, valid for all cr, /3 G M and \ < h,k < 00: 

(3.15) \\{nY{£)f'£u\\LH'' < UnY {S.f-'n\\^ni. + \\{nY {i)-^u\\lUL^■, 

(3.16) \\{nY{^Y£uUL- < \\{nr{0^-\yL'^ + \\{nr{0-'u\U.L^. 



10 



YU DENG 



Note the reversed order of norms in the second term on the right hand side of i3.15\) . 
If moreover (3 > 1 — -^^ we can remove the I'^L^ norms. Finally, by commuting with 
P projections, we get similar estimates for norms like X2 and . 

Proof. The computation p.l4p is basically done in [Sj. In our case, noticing that 
multiplication by x(t) corresponds to convolution by x on the "tilde" side, we only 
need to express the Fourier transform of u{t')dt' (which is exactly the Duhamel 
operator on the "tilde" side) in terms of u{t). We compute 

(3.17) [ u{t') dt' ^]-u* sgn(t) + i /" u{t')sg-a{t') dt' . 

Jo 2 2 

On the Fourier side, these two terms gives exactly the two terms in (|3.14p after 
another convolution with x- 

We will only prove p.l5|) . since the proof of p.l6|) will be basically the same; 
also notice that if /3 > 1 — then 

Mi.L^ < \\wh^l.<mm{m''wyL'^MfM\L'H>'} 

for Wn,(^ = by Holder. Now to prove (|3.15p . we first consider the 

second term of p.l4p . Due to its structure, we only need to prove for any function 
z — that 



(3.18) 



drj 



< 



V 

By considering \r]\ > 1 and |?7| ^ 1 separately and using the cancelation coming 
from the i factor, we can control the left hand side by \\{ri)~^{z * x),,||li (which 
is easily bounded by the right hand side of p.lSp ). plus another term bounded by 
\\{ri)^^drj{z * x)\\l=°- If we shift the derivative to x to get rid of it, we can again 
bound this expression by the right hand side of (j3.15p . 

Next, we consider the first term of p.l4p . Again we consider the terms with 
I77I > 1 and |»7| ;< 1 separately (by introducing a smooth, even cutoff 0,,, say). The 
part where \r]\ > 1 is easy, since convolution by X(. is bounded on any weighted 
mixed norm Lebesgue space we have here, and ^ is comparable to (ry)~^ when 
restricted to the region \ri\ > 1. Now for the region \ri\ < 1, we can actually prove 
for y — y^ and arbitrary A' > that 



(3.19) 



<(0"^ll(e)-^ylU^ 



which easily implies our inequality. To prove this, let x * y z, and compute 
X*\ z^\\ ^ \ Xr— ^— ^ d?7 

drj. 

From this we can readily recognize a decay of (r)^^, and it will suffice to prove 
that sup|,j|<i \zrj\ < ||(C)^^2/IIli, but this will be clear from the definition of z. □ 

Proposition 3.4. We have the following estimates: 

(3.20) \\£u\\x, < \m-'u\\x,,\\£u\\x, < IKO-'^llx.; 
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(3.21) \\£u\\x, + \\£u\\x, < mr'uWx, + mr'uWx, < \\u\\x,„; 

(3.22) \\£u\\xr < \\u\\x^o < \\u\\x„ \\£u\\x, < \\u\\x,„. 

Moreover, suppose u is such that it„^^ is supported in {{n,^) : n ^ ^ S'^} for 
some d, then 

(3.23) + \\£u\\x. < ||(0"'«llx, + ||(0"'"llx.- 

Finally notice that all these estimates naturally imply the dual versions about the 
boundedness oj £' . 

Proof. By checking the numerology, we see that p. 201) is a direct consequence of 
Lemma 13.31 To prove the first inequahty in p.2ip . we use Lemma 13.31 to conclude 

(3.24) \\£u\\x, + \\£u\\x, < mr^uWx, + IKO^'^llx. + \\{nY {i)-^u\\i,L^, 
and note that the last term can be controlled by 11(0^^^11-^2 also. To prove 
that ||(0~^^l|x2 ^ ll^lljfio' 01^6 fi'^st commute with P^2<*) then control the PL^ 
norm by the L^V norm, then use Holder (note the hierarchy (|1.3p ). To prove 
that II (C)~"^u||xi ^ ll'^llxioj one first replace the ||(n)* * ||/p norm by the larger 
11(71)'' * Ihrfxj/p ^ norm, then commute with P^2'') and control the PL^ norm by 
the L^P norm and use Holder again. Along the same lines, we have 

(3.25) ll^^^llx, <||(0"'"II^2 + II(0"'"IU7 
as well as 

(3.26) \\£u\\x, < \\{0-'u\\i^ I. + \m-'u\\x,, 

where the first term on the right hand side of (|3.26p is bounded by || (0^^"ll-^2 ; and 
the second terms on the right hand side of both (|3.25p and (13.26^ are bounded by 
the Xio norm, by controlling the FL'^ norm by the L^F norm and using Holder. 
Also we have ||w||xio ^ ll^llxo by Holder. This proves (I3.22p . 

Let us now prove (I3.23p . For the Xj norm we use (I3.25p . and the support 
condition will easily allow us to control the second term on the right hand side of 
()3.25p by ||(C)~"^w||xi. For the X5 norm, we only need to bound the second term 
on the right hand side of (|3.26p by ||(0~^"ll^i- Since we can restrict to |n| ~ 2'^ 
and 10 ^ 2^*, we can bound this term by 

mr'uWL.p < \m''u\\L.i. = wu\\i2L. 

< 2(-^+i)'^ii(e)''-i?/|iPL^ < 2(-+-'-^+i)^'ii(e)-iiiiu,, 

where cr' = i - i - s > 0, = -5 - 27 so that a + cr'-b+lKOhy pTS)) . □ 

Next we will prove two auxiliary results about our norms Yj and Y^^, which are 
defined in Section [2.31 They will be used to validate our main bootstrap argument. 

Proposition 3.5. Suppose j G {1,2}, and u = u{t,x) G Yj is a function that 
vanishes at t — 0, then with a time cutoff x (recall our convention about such 
functions) we have, uniformly in T < 1, that 

(3.27) \\x{T-H)u\\y^<\\u\\Y,. 
If u is smooth, then we also have 

(3.28) lim ||x(T-4)«||y^ = 0. 
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Proof. Wc first assume u E Yj and u{0) = 0. We may also assume that u is 
supported in \t\ < 1. Since on the "hat" or "tilde" side multiplication by x{T^^t) 
is just convolution by Txt^, we need to prove the uniform boundedness of these 
operators on spaces involved in the definition of Ij, as well as the corresponding 
limit result when u is smooth. The bound in is obtained by decomposing this 
convolution into translations (which preserve the norm) and integrating them 
using the boundedness of norm of Txt^- The bound in Xg follows from the 
bound in 3^, which is valid because this convolution does not increase the $ (or 
L'^P) norm, and commutes with the action described in Section [2.21 the bound in 
X2 and Xq are shown in the same way. The remaining bounds will follow if we can 
bound this convolution in weighted norms || (O'^J/Hls , where < cr < 1, for complex 
valued functions such that /j^y^d^ — 0. Namely, we need to prove 

(3.29) \\{vny^TxTi)jL^<mryi\\L^. 

Also, by Proposition 13.21 wc can control Yi and Y2 norms by X4 and Xq. Thus 
in order to prove (|3.28l) . we only need to prove that the left hand side of (I3.29P 
actually tends to zero when T — >■ 0, for any fixed Schwartz y with integral zero. By 
taking inverse Fourier transform, the problem an be reduced to proving 

(3.30) \\xiT-H)u\\H^ <\\u\\h^, 
and the limit 

(3.31) ^m\\x{T-H)u{t)\\H^ =0, 

for T < 1 and u G such that u{0) = 0. But these are proved, in a slightly 
different but equivalent setting, in [5], Lemma 2.8. □ 

Proposition 3.6. Suppose u = u{t, x) is a smooth function defined on M x T, 
then for j G {1,2}, the function T > 0^ M{T) = \\u\\yt satisfies M{T + 0) < 
CX(T-O) for aUO<T<l, and also M{0+) < C||w(0)||zi. 

Proof. First we prove the estimate about A4{0+). Let u{0) = / and v{t,x) — 
u{t,x) — e~*^^"="=/(.T). Since v is smooth and w(0) = 0, we have by Proposition 
13.51 that limr-s-o ll'i^llr^ — 0. I* then suffices to prove that for some cutoff x(*); 
we have ||x(i)e"*^^""^||Y, < ll/IUi- Note that on the "tilde" side, the function 
x{t)e~*^^^'^^ simply becomes x^fn', thus this inequality is basically trivial if we 
take into account that the Zi norm is stronger than the norm \\{n)^^ fW^-i , and the 
norm WfWi^^^P^^. 

Next, we shall prove that A1(T + 0) < 7U(r) for < T < 1. Namely, suppose 
u is a smooth function, < T < 1 is such that ||it||yT < 1, we want to prove for 

some T' > T that ||m||y^t' < 1. Actually we only need to prove ||m|| [_tt'] ^ 1, 

since we can use the same argument to move the left point also. Now, due to 
the presence of X2 norm in the definitions of both Yj, our assumption implies 
ll^(^)IUi ^ therefore by what we just proved, ui = e^(*^-^)-^'^^=M(T) verifies the 
estimate ||ui||yr' ^ 1 for all T < T' < 1. Thus wc only need to bound ||u2|| [-t.t'j 

for some T' > T and U2 ~ u — ui. Note U2{T) ~ 0, by choosing S small enough 
we can produce a function v coinciding with U2 on [T — 10(5, T + 106] such that 
ll'^^lly ^5 1 by Proposition [331 Also since ||w2|jyT < 1, we may choose a function w 
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coinciding with U2 on [~T,T] such that < 1. Note v{T) = w{T) = 0. Next, 

choose a function ip^ e C°° supported on [—9, 10] that equals 1 on [—1,9]. Define 

(3.32) U3{t) = (1 - MS-\t - T)))w{t) + MS-\t - T))v{t). 

Then we can verify that U3 — U2 on T, T'] with T' = T + 96, and by Proposition 
13.51 we have ||u3||ij ^ 1, as desired. 

FinaUy let us prove that A^(r) < A^(T - 0) for all < T < 1. Suppose Tj. f T, 
and we can find m'^ coinciding with u on [—Tk,Tk] such that ||?i'^||Yj < 1. Since 
T < 1, we may assume u'^ are supported in \t\ < 1. By the uniform boundedness in 
X4 norm, and the fact that on the "tilde" side each u'^ equals itself convolved with 
some X{, we conclude that {u'')n,^ has second order ^-derivatives bounded by (say) 
We therefore extract a subsequence so that {u'^}, viewed as a sequence of 
maps from to some weighted l'^ space, converges uniformly in any |^| < R. In 
particular this implies the convergence as spacetime distributions; thus the limit, 
denoted by m*, must coincide with u on [— T, T]. It therefore suffices to prove 
< 1. The bounds for Xi, X2, X4 and Xi norms immediately follows from 
distributional convergence; for X3, note that the |(w'^)n,^| also converge uniformly 
to \un.^\ in any |^| < R for any fixed n, thus 9tit'^ (recall Section [2?T] for definition) 
will converge to ^u* as spacetime distributions, therefore the X3 norm of u* will 
also be bounded by 0(1). 

It remains to prove the bound of Xg norm for u* . By commuting with P^2'*i 
we may assume that Hu'^ljj; < 1. For any bounded function v — Vn,^ with compact 
(n, ^)-support, we have {u^,v) — ?• {u* ,v) with the standard pairing (u,w) as in 
(|2.16p . By the definition of the y norm we can easily see that 

(3.33) \{u ,v)\ < \\u'\\y sup (no)"-' Ikno'^^IL^'/^ < sup (no)"'' Wt^uovWli'P- 

If we denote the right hand side by HwHz, we then have |(u*,t;)| < \\v\\z for v 
with compact (n, ^)-support. Now consider any v with \\v\\z < 1 (so in particular 
V £ L"^ P). We produce a sequence = v ■ l{|i;|+|n|+|?|</?,} so that Hw'^llz < 1, and 
^ V in thus {u*,v^) — > {u*,v) (notice that u* G X4 and is supported in 

some |n| ^ 2'^, thus we have u* e L'^l^). This implies |(u*,w)| < 1 for all v such 
that \\v\\z < 1. Since a priori we have u* G L'^P C y, and it is easily checked that 
3^ is a Banach space, we may then invoke the Hahn-Banach theorem to conclude 
1 1 M* 1 1 3^ < 1, provided that we can identify the dual space of 3^ with Z. Now clearly 
each element in Z gives a linear functional on y whose norm equals the Z norm; on 
the other hand, if we have a (bounded) linear functional on y, it must be bounded 
on L'^P, thus it is given by pairing with an element of P, and then by considering 
the action of Z on this function, we conclude that it is actually in Z. □ 

4. Relevant probabilistic results 

4.1. Review of the construction of Gibbs measure. In this section we briefly 
review the construction of the Gibbs measure v as done in [20| . This measure is 
defined by adding a weight to some Wiener measure p, so we first describe the 
relevant Wiener measure. 

Consider a sequence of independent complex Gaussian random variables {gn}n>o 
living on some ambient probability space (r2,B,P) which are normalized so that 
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E{\gn\ ) = I- By excluding a null set, we also assum cQthat |g„| = 0((n)iO) holds 
everywhere on ft. Letting g-n — g^, we define the random series 

(4.1) i:n3io^y Jl^e"'^ G V 

as a map from 51 to V (recall that V is the subset of T>'{T) containing real- valued 
distributions with vanishing mean). This then defines the Wiener measure p on V 
by p{E) = P(f^^ (£')). For each positive integer N, if we identify V with Vjv x V^, 
then the measure dp is identified with dp^r x dpj^, with the latter two measures 
defined by 



Fix a compactly supported smooth cutoff Ci !i C 5; Ij which equals 1 on some 
neighborhood of 0. Consider for each N the functions 

(4.2) e^if) - CdlHAT/lli. - «jv)e3 !.(s„ff. 

(4.3) <(/) = amNfWl. - «jv)e^-^r(n«/)^, 
where we recall IIjv = F<Af as in Section[2l Sn as in and 

«w = y- = E(||n^f||i.). 

Clearly 6^ and only depend on UnJ, thus they can also be understood as 
functions on Vat. Define the measures 

dvN^e^dp, dv°^ = 6NdpN] Av\j ^ O^j^Ap, di^^ = 6'fydpAr. 

Then we could identify Av^ and dt'^ with Av'^ x Ap-^ and Av^ x dp]^, respec- 
tively. Moreover, if we identify Vat with and thus denote the measure on Vat 
corresponding to the Lebesgue measure on R^^ by £Af, then with some constant 

(4.4) Av°^ = CNQ{\\f\\h - «Ar)e-'^"[^id/:^; 

(4.5) Av% = CNC{m\h - aiv)e-2^^1^1d/:^, 

with the / here denoting some element of V^v, the Hamiltonian E as in (|1.2[) . and 
the truncated version Ej\[ being 

(4.6) E^m^ jJ:^\dl'^f\''-\{SNff. 
The main result of now reads as follows. 

Proposition 4.1 (^Q]: Theorem 1). The sequence converges in U'{Ap) to some 
function 6 for all 1 < r < oo, and if we define v hy Av = 6Ap, then converges 
strongly to v in the sense that the total variation of their difference tends to zero. 
This V is defined to be the Gihhs measure for 

Remark 4.2. Only weak convergence is claimed in '20', but an easy elaboration 
of the arguments there actually gives a much stronger convergence as stated in 
Proposition 14. II above. 



^This assumption is just in order to define the map f and is irrelevant otherwise. 



INVARIANCE OF THE GIBBS MEASURE FOR THE BENJAMIN-ONO EQUATION 15 



Remark 4.3. We note that the measure ly depends on the choice of C,. In this regard 
we have the fohowing easy observation: there exists a countable collection {Cf'lijeN 
with corresponding 6^ such that the union of A^' — {/ : 0^{f) > 0} ha^j full p 
measure. 

The finite dimensional approximations we will actually use are i^n instead of i^^, 
thus we still need to prove the convergence of i>n- However, the proof is essentially 
the same as the proof of Proposition 14.11 so we shall omit it here and only state 
the result. 

Proposition 4.4. The sequence On converges in U{Ap) to the defined in Proposi- 
tion \4.1\ for alll < r < oo, and converges strongly to the v defined in Proposition 
in the sense that the total variation of their difference tends to zero. 

4.2. Compatibility with the Besov space. By elementary probabilistic argu- 
ments we can see that 

(4.7) p(/e V: <(X3) =0; 

(4.8) p(/e V: II/IIh-^ <^) =1, 

for all (5 > 0. Namely, the Wiener measure dp (and hence the Gibbs measure di') 
is compatible with but not , which is the essential difficulty in establishing 
the invariance result. In this section we show that this difficulty may be resolved 
by using the Besov space Zi defined in Section 11.11 First we prove a lemma. 

Lemma 4.5. Suppose that gj{l < j < N) are independent normalized complex 
Gaussian random variables. Then we have 

(4.9) Pf'^ > aN\ < 4e-T5oV^, 
for all a > 1600 and positive integer N . 

Proof. Let X = X^jLi ISjl^- Since Edyjl"*™) = (2m)!, we can estimate, for each 
integer k > 1, the k-th moment of X by 

E(^') = E -T^ rxE(|5i|''™^---|ffjvr") 

^ — ' mi! ■ ■ ■ tun'. 

\-7ni^—k 



< 



miH \-mN=k j=l 



m 



N 



< kH" J2 II"^^!' 

rriiH hmjv=fc j = l 

Since (^") < 4™. From this, we have that (for e > 0) 



ie- - ] < 2E(cosh Vrf) < 2 + 2 ^ 72fcv'^^^'^ ^ ^ + ^ fcT^^''^' 

fe>l ^ '' k>\ 



^Note that is the largest set on which p and are mutually absolutely continuous. 
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where 

N 

(4.10) SN,k^ 11"^^'' 

miH ^inN=k j=l 

which we shall now estimate. By identifying the nonzero terms in (mi, • • • , mAr), 
we can rewrite S]sf,k as 

(4.11) SN,k^ E (^)^fe.- 

l<r<min{7V,fc} ^ ^ 

where 



miH ^mr — k^rrij >1 i— 1 

Clearly the number of choices of (mi, • • • ,mr) is at most (^Z}) < 2'^, and for each 
choice of (mi, • • • , m^), we have 

r r 

JJ^ mj! < mi • • • rrir x ]^(mj — 1)! 

< (fc/r)'Y^(m,-l) 

< e''^(fc-r)! < 3'''(fc-r)!. 

Therefore we know that S*^ ^ < 6''(fc — r)l. Next, notice that there are at most 
A: < 2'= choices of r, and that (^) < 7V/r!, we have 

(4.12 S-Affc < 12'^ max ^ -. 

l<r<k r! 

If the maximum in (j4.12l) is attained at r — k, it will be bounded by 
otherwise it is attained at some r < k, from which we know < (r + l)(/c — r) < 
2r(fc — r). Therefore the maximum in this case is bounded by 

N^ik - .)! ^ 2V(fc-.)'-(fc-r)'-- ^ ^g^^, ^ 



Altogether we have 



SN,k < 216U 



„ (127V)^ 



fc! ' 
and hence 

(4.13) E(e^) < 2 + Yil728er + ^ ^^l^' 

fc>l k>l ^ 

which is clearly bounded by 4e^o^/7N •£ choose e = N^ow if a > 1600, we 

will have 

P{X > aN) < e-'^^E{e^) < Ae'^'^, 

as desired. □ 



Now we can prove that the Wiener measure dp is compatible with our Besov 
space Zi. Namely, we have 
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Proposition 4.6. With the measure p defined in Section \4^ we have p{Zi) = 1; 
more precisely we have 

(4.14) p{{f e V : ll/IU, < A-}) > 1 - Ce-^-''<' 
for all K >0. 

Proof. Wc only need to prove (I4.14p . Setting C large, this inequality will be trivial 
when K < 100. When K > 100, we get from the definition that 

(4.15) p({/eV:||/||z, >100/^})<^P(' l5«r>^'2-'" 
By Holder, 

E \9n\''>KP2^ 

implies 

0<n~23 



By lemma l4?5l this has probability not exceeding Ce provided K > 100. 

Summing up over j, we see that 

p{{f e V : ll/b. > K}) <YCe-^"^'^'^' < Ce~^~'^\ 
This completes the proof. □ 



5. The gauge transform I: Beating the derivative loss 

From this section to Section [71 we will introduce the gauge transform for (|1.6p . 
and use it to derive the new equations. We will fix a large positive integer N 
throughout, and drop the subscript N in Sn (we are allowing A'^ = cx), in which case 
the arguments should be modified slightly but no essential difference occurs). We 
also fix a smooth solution u to (jl.6|) : note that smooth solutions are automatically 
global. When N is finite, we also assume that u is supported in |n| < N for all 
time. 

The gauge transform we use is defined as a power series, thus in many occasions 
we will have to deal with summations over sequences of the form (mi, • • • , m^). To 
simplify the notation we will define, for such a sequence, the partial sums 

niij ^ mi + ■ ■ ■ + mj . 

This notation will also be used for other sequences, say pi, which will always be 
nonnegative integers. 

5.1. The definition of w. Let F be the unique mean-zero antiderivative of u, 
namely F„ = i^"n foi" n and Fq = 0. Define the operators Qo '■ (p (Su) ■ (f) 
and Pq : (SF) ■ 0, as weU as Q = SQqS and P — SPqS. Further, define the 
operator 

(5.1) ^----E^(4)'^'^- 
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The function w will be defined by 

(5.2) w = P+{Mu). 

We also define v = Mu, so that Wn — Vn when n > 0, and Wn — otherwise. The 
evolution equation satisfied by w can be computed as follows: 

idt-id^x)w = ¥+M{dt-id:,:c)u + P+[dt,M]u-i¥+[dx,,M]u 

= -2iP+(AfP_7i,,) + P+{[dt,M]u - i[a,, [d.,,M]]u) 

+ V+{MS{Su ■ Su^) - 2i[dx, M]u^) 

(5.3) = -2iF+d^{M¥_u^) 

(5.4) - 2iF+{[d,, M] + ^MQ)u, 

(5.5) + 2iF+[dx,M]F-U:, + ¥+{[dt,M]~i[dx,[dx,M]])u. 

5.2. The term in (|5.3p . By expanding M using (|5.ip . we can write the term in 
((O)) as 

(5-6) d^EfeS^-' 

Ml 

where in Fourier space 

(5.7) (/CiJ„„=2i E K'^H^nn-'-^mJu^,. 

Here in (|5.7p . the spatial frequency set is defined to be 

^i„,Mi = {v=(mi,... ,TO^,,ni)eZ'^i+i : 

7^ 0, no > 0, ni < 0; mi,^^ + ni = no}, 

and the weight is 

X noniv(^)v(^^ 

As the next step, we rewrite part of the weight as 

1 1 

(5.8) = E 

nil - ■ ■ no - ni ^ 

By renaming the variables, we obtain 



mi--- no - ni ^ nil . . . mj_imi+i . . . m^^ 



(5-9) = E E M^^i.' 

^1>1 i=l 

where in Fourier space 

(5.f0) (A:/.ij)no=i E ^i^''("™i • • 
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The frequency set here is 

(5.11) S^-^^^ = {v = (toi,--- ,TO^,_i,ni,n2) : 

V e Z^i+\mj 7^ 0,no > 0; 
ni < 0,mi,^j_i + m + 722 = no}, 

and the weight is 

<^--) - n fi 

j = l 3 \ / j=i+l ^ 

5.3. The term in ([5T4|) . Since 

(5.13) [9„P] = Q, 

we may compute 

^ ^ 2^2^ /ii2 + l !V 2/ J 

By expanding the commutator in (j5.14l) . we can write the term in (j5.4p as 



,. I 1 / : \ ^12 + 1 

(5.15) m^-T. ( lo^A -o) np''nQ.p]p''' 

mT:;^2 ^''12 + 2)! V 27 

Notice that 

(5.16) [Q, P] = S{QoS^P„ - Po52Qo)5, 
we can thus write 

^^17^ ^ (-ir^(m + i) ^2 

(5.17) - 1^ 2/-^^+i(^i2 + 2)! ^^^^-' 
where in the Fourier space 

(5.18) K,,Jno=i E ^^'^^(^ 

Here the frequency set is 

(5.19) '5',^io,MiM2 = {v = (rni,--- ,m^,,,rii,n2,n3) 



V G (Z*)''i^+3, m, ^ 0, nin2n3 ^ 0, ng > 0; 
"^1,^12 + "1 + "2 + ^3 = no}, 
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and the weight is 



n3_ 



i=0 ^ ^ 1=1 ^ ^ i=l 



2 " 3 + ™Ml+',Ml2 



TV 



^2 ^ "-2 +71,3 +m^^+i,^^^ j ^2 +»3 +W/X1 + 1.M12 



Note that 5^^^ ^^^^ is symmetric with respect to ni and 713, we can swap these two 
variables and rearrange the terms to obtain 

(5.20) (^^i/i2)"0=i • • • Um^j2)""i""2''^n3! 

ves2 _ 



where the frequency set Sf^^^^_^^^ is as in (|5.19p . and the weight is 
(5.21)A2a'ia'2 



,3 / X M12 , / 



Ml+2 



2 / " 1 + »2 + ?^3 + "'ti,Mi2 



-ni'ip 



2 / 712 + "3 + "l^i+l„ 



V 


N 




\- 77,3 + "^M1+1,M12 


!^"1 - 


TV 


.^ni - 


\-n2+ ni^i+1,^12 




iV 




1- ?^3 + "^^1+1,^12 


\ N 



i=l 

M2 

i=l 
M2 

j=i 

M2 



ns + "i^i+i,Mi2 
TV 



2 " 3 + "^A'l+':A'12 

iV 



iV 

?^1 + "1^11 +i 

N 



5.4. The term in (|5.5p . Clearly we have 



(5.22) 



^ (M12 + 1 



! \ 2 



M12+1 



where 



(5.23) 



[dt,P]:ij^S{SFfS^); 



INVARIANCE OF THE GIBBS MEASURE FOR THE BENJAMIN-ONO EQUATION 21 



also we may compute 



I / i ^ ^12+1 



'M2 



^1,^2 ^ / \ / 

Using the fact that 

(5.24) [duP\-i[d^,Q]:i;^S{SG-Sij) 



where 

(5.25) G = Ft~ iF,, - -2iP_7., + i (^^((^«)') - Po((^u)2) ) , 
we may write 

^ ^ ('_1')M12 

(5.26) m = E ^4-7Tw(^^..2+^:...2) 

2Mi3+2(u,^ + 2)! '^i''"''^' 



Here, K?^^^^ is defined in the Fourier space as 



(5-27) ('^li.^.Jno = i E A3^i^nu„,...u„^^J^.„,u„ 

with the frequency set 

(5.28) 'S'^o,A'iA'2 = {v = (mi,--- ,771^,12 >'^i:"2) : 

V e Z^i=+2, m, 7^ 0, ni 7^ 0, no > 0; 
712 < 0, mi,pj2 + Til + ^2 = no} 



1 , / "^M TT / "M TT , 2 / "1 + "-2 + "Ji,Mi2 



and the weight 

i=l ' ^ ^ 1=0 ^ ^ 1=2 ^ 
"-Q^,2/" Tl2 + m^,+,,^,, \ _ ■Q^2/^ '^l +7n^,+,,^,. 



-i=l ^ 

The term /Cf,, is defined as 



N / V N 



(5.29) (/C;^,^J„„ = ^Po((5u)2) ^ Kl^^^^^{Ura,---Ur^^JUr, 



22 



YU DENG 



with frequency set 

(5-30) S^o,i^ifi2 = {v= (mi,--- ,TO^,3,ni) : 

V e Z^i^+\to, 7^ 0,ni 7^ 0,no > 0; 
+ni = no}; 

and weight 



(5.31) . ,(|).{^)n±.(^^ 



X 



The term ^)i^^2M3 defined as 



(5-32) (/C^,^,^3)"0=i E A^''^''^''M«^^,•••«„^,,3KlW„.^^. 

with frequency set 



(5.33) 



and weight 
(5.34) a5''i'*2''3 



{v = (mi, - - - ,m^i3,ni,n2,n3) : 

V G Z''i3+3^TOi 7^ 0,nin2n3 7^ 0,no > 0; 

"^1,M13 + «i + «2 + ^3 = no} 



2 /ni + n2 + 713 + rrii,,. 



i=2 
M13 



i=0 



2 ( ^3 + ^Ml2+i;A'l3 

TV 



ni+n2\ -r-r 2 /^"■l + + 713 + m^i+i,;:,i3 



"1 + n2\ 



i=2 
tJ-2 



N 



^ i=i 



AT 

77-3 -|- ^^i+i,//i3 

TV 



M2 + 1 



(5.35) 



i=l 



2 / 7t2 + 7t3 + 7rt^i+i,Ali3 

TV 



Next, we shah rewrite a part of the weight A^'^^'^^ as 



1 



mi • • • nin 



mi- ■ -71112 \\'no\ + \n2\ 



ni 



+ 



1 



\no\ + \n2\-ni^^\^\no\ + \n2\J ^mi--- mj_imi+i • • • m^^^ 



*tl2 , 

E 
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then rename the variables (separatmg the cases i < fJi and i > fii) to obtain 

(5.36) m - E 2JJ, + l)! (^'^^-° + ^^^^-) 

^ 2-2^12(^12 + 1)! ^^^^^ 

+ \ 1^ 1 r5 

2A'i3+2(ui.+2)!^i^^''^' 

where in the Fourier space 

(5.37) (/C3^^^o)no = i E A3A'i^'^"(w„,.--^i„^^Ju„,M„„ 
with frequency set S'i^g.^j^j is as in (15. 28^ . and new weight 

(5.38) Ae-^-^° = nV^("^+"^ + "^'-^-) X 



-Q ^2 "2 + '•»A'l+»-A'l2 A - J]^ -02 ni + TO^^+»,Ml2 



the other term will be 

(5.39) (^/ii/J2i)"0 ^ i ^ ^ Ay'*^'*'^ (w„ii • • • W„i^^^_j)u„jU„2Mn3, 

where the new frequency set is 

(5.40) Sll^^^^ = {v= (mi,--- ,m^,,„i,ni,n2,n3) : 

V e m, 7^ 0, nins 7^ 0, riQ > 0; 

713 < 0, mi,^j2_i + m + n2 + na = no}; 

the new weight is 

(5.41) A3A'iA'2i ^ 



X 



|no I + 1^3 1 - |no I + |7i3 1 y /J 1^ ^ , 

i=o ^ ^ J=2 ^ ^ 

■Q ^2 I "■a + ™Mi+j-i,Mi2-i J 

/'2 / 

_ -Q ^2 / "1 + ^^1+^-1,^12-1 
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for I < i < ^ii, and 



(5.42) A^-^ = ^ — ^J^^Yfi'^^fah.) 



■i— /.ii , 

X n ^ 



j=j-Aii+l 



/J2 

X 



TV 

'^a + ™A'i+j-i.Mi2-i 
iV 

ni + 712 + "^^1+^.^12-1 
TV 



for /Xi + 1 < i < ^12. 



5.5. Summary. Now we have obtained a first version of the equation satisfied by 
w, namely 

(5.43) {d,-id..)w = Y^Y^h^^^U 

^ (-1)M12(^^ + 1) 

2A'i2+i(/ii2 + 2)! ^1^^ 

^ 9/^12 f/in + IV ^^^'^^-^ 
Ml,M2 ^'^^"^ 



^ (-1)^^^ , 

(-l)A^^3+l 

2A'i3+2(ui3 + 2)! '"I''"''-'' 

where: 

the term /C^^j is defined in ([STTO]) . (|5?TT1) and (|5?T2l) : 

the term /C^^^^ is defined in (|5A9)) . dSjO]), and ([QT]) : 

the term /C^^^^g is defined in dEM]), (|07)) . and ([OS)) : 

the term /C^^^^, is defined in (jOgi . (lOO)) . (jCTl . and 

the term /C^^^^ is defined in (105)) . (jOn]) . and (jOTI) : 

the term /C)^^^^^3 is defined in ([O^ . (jOgl) . and (lEM)) . 

In the next section we will further examine the structure of these terms. 
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6. The gauge transform II: A miraculous cancellation 

In this section we identify the bad resonant terms coming from each IC^ term in 
(|5.43|) . Our computation wih show that these bad terms will eventually add up to 
zero, leaving only the better-behaved ones. Throughout this section we will use a 
variable fc, and define = ip^k/N), t] = ip'{k/N). 



6.1. The resonant terms in /C^. In the expression (|5.10p . let ni+n2 = 0. Notice 
that ni < 0, we get a sum 



3.1) -ino^|ufc|2 J2 

fc>0 miH hm,,j_i=no 



mi ■ ■ -m^j-i 



where we always assume nii ^ 0, and the factor 

Ml — 1 / \ Ml 



Ml — i / \ Ml 

A - n Hi) n r 



k — m 



■j-i,Mi-i 



N 



X 

J=2 



Ai"^ I N J \no\ + \kr\N J"^ \N 



We then replace each variable in this expression, except k, by zercQ, and get a term 
which reads 



3.2) -ino^|^..f Yl e^('^--^+'^'f[ 



rrii 

fc>0 miH hmj,j^_i=no i=l 



sum over /ii and i to get 



3.3) {n'u = -i 

fc>0 Ml>l " «=i 

Ml 





s gives 


(- 


_l)Ml 




-Vi!" 






2Ml 


Vi' 


(« 







A:>0 Ml>l ^=1 



fc>0 /j>0 ^ ^ ^ - / / no 



where 



(6.4) ^-^^{e-' + e^ + --- + e^^+^), 

and we have dropped the dependence of on k and fi for simplicity. 



Strictly speaking, we should replace n by mi_^^_i and cancel each rrij in the numerator 
before this process, but the results will be the same and no estimate is affected. 
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6.2. The resonant terms in K?. In the expression ()5.20p . let 712 + rts = to 

obtain a term 



(6.5) 



■El 



E 



A- 



Jii+miH |-nij,j^2=no 



mi • • • m^j2 



where the factor 
(6.6) A 



*^(|)ri*(5l)n<^)n* 

^ ^ i=0 ^ ^ i=l ^ ^ i=2 



N 



2 / 



TV 



2 ^ni + m^^^jj 



N 



N 



- A: 



N 



ni ,2 '^i + "Vi+i,Mi2 + 



2 I 7t i + ^nfii+i,^ii2 
N 



2 I ni + TO^j-|_i^^j2 



We then discard the last two summands in the bracket, and in what remains replace 
each variable except k by zero to get 



(6.7) 



V (g2^2+4„g2,.+2). "'>^i---"'»..2 

mi ■ ■ ■ mu,o 

k^O ni+miH \-m^-^2=no '^'-^ 



Since the summation over and ni gives exactly (u- {iF)^^^)ng, we can then sum 
over /xi and /X2 to obtain an expression which involves a sum over all k ^ 0. We may 
include a factor of 2 and restrict to A: > (since 6 is even in k), and then take into 
account the symmetry with respect to ni and 713 (namely, we are considering also 
the term where rii +n2 — 0) to include another factor of 2, and the final expression 
will be 



i-iy 



fc>0 



^>0 



2/^+i(/i + 2) 



■(u(iF)'^)„, X 



J2 (M - /i2 + l)(e'^^+^ - 0'''^+') 
M2=0 

12 / / 



EE 

fe>0 fj.>0 



(a^ + 2)! 



where 
(6.9) 



= -{fi + 1)9^ + (0'* + • • • + 6|2^+^). 



The other possibility is when ni + 713 = 0. In this case we rename 712 by ni and get 



(6.10) 



^Ei 

fc^O 



E 



ni+miH |-mn]^2="ci 
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where the factor 
(6.11) A = 

X k 



*^(|)ri*(5l)n*(^)n*' 

^ 1=0 ^ i=l ^ ' i=2 



4,' 



N 



771 + m^,+i,^i2 \ -Q_^: 

2=1 



Ml + 1,M12 



N 
N 
N 



i=i 



2 ni + rrii^f^^^ 
N 

N 

k ^/ii+i,/Ji2 

N 



i=l 




V N 


P-2 


k — 'fTl^i-\-i.^i2 





Next, we examine the terras in the bracket, which basically can be written, for some 
aj which are linear combinations of ni and rm, as Yl^ 'ilj^{{k + aj)/N) — JJ - — 
CFj)/N). We then replace this expression by A9^^~^riJ2j 77", where fj, is the number 
of factors. If we plug into (|6.1ip this and the expression of each aj, cancel each rii 
or rui factor with the corresponding denominator in (|6.10p . and finally replace each 
variable other than k by zero, we will get a term which, up to a rearrangement of 
variables, reads as 



(6.12) 



2iE 



N 



\Uk\ 



E 



rii+miH hmf,j2=no 



mi--- rUf^^^ 



^2^*2 + 1 



2 ' 2 

We may restrict to fc > since rj is odd, and then sum over fii and fi2 to obtain 

(-1)'' 



3.13) (7^^•^), 



fc>0 



N' 



EE 



^ 2^+i(u + 2)! 

^>0p2=0 ' 



X (M(ii^)^)„„(^-^2 + l) X 

'(M2_+J0(M2_+2) ^2^2+3 _ M2(A^2 + l) g2M2 + l 



EE N 



2 



k>0 /j>0 



N{p + 2)1 



2 



where 
(6.14) 



p2 



29^ + ---+ + 1)02A'+1 + (^j + + 2)02p+3 



6.3. The resonant terms in K.^. In the expression (|5.37p . let ni + ^2 = 0. Note 
that 712 < 0, we obtain a term 



(6.15) 



iEi 

fc>0 



E 



A. 



miH hmf,i2="0 



mi--- 771^12 
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where the factor 



(6.16) A = -fcV'2 



k 



i=2 



i=l 



N 



i=l 



k - TO^j + 



A'l+'t,A'l2 



N 



2 ^ fc + ™pi+i,;ji2 



TV 



Then we replace the term in the bracket by —AO'^^'^^^rj X]i("*Mi+«,A'i2 /-^): cancel the 
corresponding nij factor in the denominator, and replace all the variables except k 
by zero to obtain, after a rearrangement of variables, the sum 



.M2(M2 + 1) 



fc>0 



E 



ni+miH hnini2-i="o 



mi- - ■ m^i2_i 



Then we sum over /ii and /i2 to obtain 



(6.18) 



(7^^■^) 



fc>0 u>0 



X (y(iF)^: 



yy- 



k>0 l-i>Q 



ti>0 
A' 

"0 1 y, 

^2=0 

2 



2)! 



M2(Ai2 + 1) 



5/2M2 + 1 



kv\uk\'' f f iF 



where 



(6.19) = -{26^ + + l)6|2^+i + (/i + l)(Ai + 2)6i2^+3). 

Next, in the expression (15.391) . let n2 + = 0, note that < 0, we get a term 



(6.20) iy\u,\' Yl A. ""'-"'""'-- ^^ 



fe>0 



m+miH |-m;jj2-i="0 



J^l • • • ^71^12-1 



where the factor 



-fc / ni 



|fc| + |no|-ni Vl^l + l"o| 



2 ? M +?Ttj-,A'i2-l 



n 



k — til — m 



j-l,Ml2-l 
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for 1 < i < /ii, and 



-k I Til \ /2l \ TT ( "^J 1 TT ; 2 ( '^1 + "^1,^12-1 



)f'12— J- / \ flTJ- 

n * i n 
3=1 ^ ' J=2 



X 



n^(^) V^H ^'^^T" ) ft ^^( ^'""^"'"""' 

- 'n "^^ f fc + '^l +''"Mi+j,Mi2-l \ -Q ^2 +''"a'i+3-1,Mi2-1 

for ^i + l<«</ii+/i2- Then we replace every variable other than fc by zero, and 
sum over i to obtain 



fe>0 ni+miH hrn,,j2_i=no ''i^ 

/il ^12 

^^^2^ii2-2i+4 _ ^2pi-2i+4-| ^ ^ |-^2^i2-2i+2 _ ^2i-2^i+2^ 
i— 1 2— 

We then sum over /ii and /i2 to get 

(6.21) {n^-^u = -iEl^^l'E J+vTr^v ^"^^-^^")"" ^ 

fc>0 A.>0^ l/^ + ^J- 

AI+l 1-1 + 1-1-12 

E E (fl^^"^*"*"^ — 5»2M-2i-2/i2+6-j 
/^2— i— 1 

_|_ ^ ^ |^^2At-2i+4 _ ^2i+2Ai2-2/i^ J 
/i2=0 i=/^+2 — /^2 

where 

(6.22) = i ((^ + 1)02 + _ 1)04 ^ ^ ^)g6 _^ . . . + _ l)^?2^+4-) _ 

6.4. The resonant terms in /C^. The whole term /C^ should be viewed as res- 
onant. Here we simply expand Po{{Su)^) = 2^^^p02|ufcp, and replace every 
variable in (|5.3ip by zero (after extracting the Ili'^i"^ factor, as we have done 
before) to obtain 

(6-23) {n%, = ^E^'I^^I'E 2i'TlV ^"^^^^'^"° ^ £ ^ 

fc>0 M>0 M2=0 

i|ufe|2 / / iF\^ 



fe>0 Ai>0 

where 



(6.24) C = 



4_ (Ai + l)(Ai + 2)^2 
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6.5. The resonant terms in /C^. In the expression (|5.32p . consider the contribu- 
tion where ni + 71,2 = 0, ri2 + 713 = 0, or where ni + — 0. For each of these 
cases, we perform the same operation as in the above sections, and coUect aU the 
resuhing terms (and rearrange the variables) to obtain 



(6.25) i^Kp y: a. 

^-^ nil ■ ■ ■ rriu,,. 

k=^0 miH hmni3+ni=«o 

where the net factor 

^ ' i = 2 \ ' i=\ \ ' i=Q \ 



X 



\ ^ / i^l \ ^ ^ i=2 ^ ^ 

-2 n ( ^^"""^'^"" ) n' h^^) 

M3 / X A'2 + 1 / 

+ ( ^ "^^12+^^13 j I + "^Ml+',M13 

^3 / , \ A'2 + 1 , . 

O-j-j-^,2/ ^1 +"^Ml2+'.A'l3 j -Q ^2/^« + "-l +"^Ml+»,Ml3 



!:=1 ^ ^ 4=1 ^ 

-2 fj f ^ + + ^ll^ ^2 /" + +"^A'l+i.Ml3 

i=l V ^ / ,_]^ V ^ 

Then we replace each variable other than k by zero, obtaining 

(6.26) iVKp V "'"^••"'"-- u„,x 

-■^ — ' ^ — ' mi • • • mu,„ 

fc^O "HH hmf,i3+Tii=no 

X 26*2 (6'2^3 +^ - 6|2^" +2 + 1 - 6*2^3). 
Again we restrict to fc > and sum over /xi, /i2, /is to get 

^1+^2+^3=^ 

fe>0/i>0 ' / \ \ / / no 



where 
(6.27) 



+ + ^ie^ + (m - 1)06 + • • • + 2^^2M + ^^2^+2^ 
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6.6. When put together... Now we can directly verify from the above coniputa- 
tions that 

(6.28) C^+C^+C^+C^+C^ =0; 

(6.29) 1)2 + 1)3 ^ 
which then impUes 

(6.30) + n^'^ + n^'^ + n^-^ + n^'^ + n^ + n^ = q. 

6.7. What remains? Here we analyze what remains after we subtract from each 

K,^ term the resonant contribution, and deduce a second version of the equation 
satisfied by w. To simplify the argument, we need to introduce a few more notions. 

Definition 6.1. We say a function / : Z — >• R is slowly varying of type 1, or 
f eSVu if we have |/(n)| < C and 

(6.31) <c(n)-i 

for some constant C. We say / is slowly varying of type 2, or / e SV2, if we have 

(6.32) |/(n + 1) - /(n)| < C{n)-\\f{n)\ + \f{n + 1)|) 

for some constant C. For a function / : Z'' — )■ R, we say it is slowly varying of type 
1 or 2 if it verifies the above inequalities for each single variable when the other 
variables are fixed, with uniformly bounded constants. 

Proposition 6.2. The following functions are in SV\ : 

(1) function of the form (j){fi,- ■ ■ ,fk), where fj G SVi, ^ : K*^ — )• R «s Lipschitz; 

(2) function of the form <p{fi,--- ,fk), where fj G SV2, (j) smooth and is 

constant outside some compact set. 

The following functions are in SV2 '■ 

(3) any monomial (say n\ or 712^3 J, or characteristic function of any set gener- 
ated by {uj > 0} and {nj < 0}; 

(4) product or reciprocal of functions in SV2 (with l/f defined to be 1 at points 
where f = 0); max(/, g), min(/, 17) or f + g for nonnegative f,g£ SV2; 

(5) function of the form \ f\, (/) or (max(/, 0))'^, where f S SV2 and A > 0. 

Proof. Omitted. □ 
Proposition 6.3. We have 

(6.33) {dt - id^,)w = U = Y, C/^^/.. 

where |C^| < C^/^l with some absolute constant C, andHn = 'H^ + 'H^+'H^. The 
W terms can be written as 

2 Ai 

(6.34) {HlU=-^ E min{(no),(ni),(n2)}-e2 JJ«„,n- 

ni+n2+mi-\ |-TO^l=no (=1 i=l 

(6.35) {ni)no=i E ©Mri"n.n^' ie{3,4} 

ni-\ \-nj+mi-\ \-m^=no 1=1 i=l ' 



mi 
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for positive no- For each {fi,j), the function 

■ ■ ,nj,mi,-- ■ ,m^), j € {2,3,4}, 

is a linear combination of products l^; • 0, where E is some set generated by the 
sets {uh + ni — 0}, 1 < h < I < j , and Q i^ slowly varying of type 1; note in 
particular they are real valued. Moreover we have the following: 

(i) When j — 2, Q is nonzero only when 

(6.36) niax(TOi) < (^t + 1)^^ min {(no), ("i), {^2)}- 

L 

(ii) When j = 3, if E is contained in {rii+ri2 = 0} but not {\ni\ — \n2\ = I'^-al}; 
we must have 

(6.37) |e|<min|l,<""> + <"^> 



The same holds for other permutations of (1, 2, 3). 
(Hi) When j = 4, we have 

(6.38) lei < ( niax(n,))"\ 

Proof. The estimate on the coefficients C^, whose choice will be clear from the 
expressions we have, is elementary based on the factorial decay we have, and the 
simple observation that 

(6.39) (Ml + ^ 

where in practice we always have (say) fc < 30. Next we shall examine the terms left 
after the subtraction of resonant ones, and define the factors. We will first prove 
the boundedness of 9 and properties (i), (ii), (iii), and then show that 9 £ SVi. 

Before proceeding, let us make one useful observation. If we have a term (tem- 
porarily called term of type R for convenience) of type (|6.34|) in which the 9 factor 
is bounded and is accompanied by some 1^; with E C {ui + n2 ^ 0}, then we can 
use a smooth cutoff (similar to '01 or -02) to separate the part where (I6.36|) holds, 
and the part where (m^) > (/i + 1)~^ min{(no), (n-i), ("-2)} for some 1 < i < /i; in 
the former case we have , and in the latter case we promote rai and rename it 713 
to obtain Hj^.i (since here the 9^ factor is bounded, ni + ^2 7^ 0, and if n; +713 = 
for / e {1,2}, then the 9^ factor will have an 71,3 on the denominator, and at most 
(no) on the numerator). Also we may assume that all the ni and variables are 
nonzero and < N . 

The first contribution we need to consider is when none of the equalities we 
proposed in obtaining the TZ^ terms hold; these include the contribution from each 
JC^ which we discuss separately. 

For the part in K}^-^^ we have tt-i + 712 7^ 0. If (712) > (tiq) + (tii), then we have a 
term of type R and obtain either or 'H^^_2- ^^ow if (712) <C (770) + ("1), then 



^Later we may slightly abuse the notation and use the term "0 factor" or "0^ factor" to refer 
to both the 0^ and the here. Moreover, in the SVi bound and other estimates (see for example 
1 16.361 1 below) we may pick up factors depending on fjL\ but they are clearly at most 0(1)^ so can 
be safely absorbed into the C^j factor. 
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{rrij) > (no) + (ni) for at least one j, so we can promote that nij and rename it 713 to 
obtain ?^^j_2, due to a similar argument as above and the restriction ni + ri2 7^ 0. 

For the part of /C^^^^' "-ft. + — happens. In the expression (|5.2ip . first 
assume (^3) (or, by symmetry, {ni)) is < min{(no), (ni), (?t.3)}, then the first two 
terms in the bracket on the right hand side of (|5.2ip contributes at most 0{{n^)), 
so for this term we may relegate 71.2 (rename it by some m^) to obtain a term 
of type R. For the last two terms in the bracket, the contribution is at most 
N~^{ni){{n2) + (n^)), which is a sum of two terms. One of them is at most (n^) 
and can be treated as above; the other can be cancelled by the factor and we 
get "H^^^ (since we have pre-assumed that no Uh + ni can be zero). 

Next suppose (say) (no) ^ (n3) <^ (n-i)- In this case the first two terms in 
bracket on the right hand side of (|5.2ip contributes at most (ns), and at least one 
of {rrij) or (n2) must be > (ni) here, so we get 'H^^^_i after making appropriate 
promotion or relegations; the last two terms contribute at most A'^~^(ni)((n2) + 
(n^)), which is bounded either by (n3) (which can be treated the same way as 
above), or N~^{ni){n2) (which is cancelled by the n2"^ to obtain 'H^^^-i)- 

The only remaining possibility is (no) <C (ni) ^ (n3). we may write 



1-1-2 



71 -\- fi I -\-i.}_L 12 

N 



(6.40) ri(n)=nV 
and 

(6.41) T2(n) = ^ nH, 



TV 

so the net contribution in the bracket will be 

(n3T2(n3) + niT2(ni)) - V''^("-3n(n3) + niTi(ni)) 
with some factor -0. Since we can write 

(6.42) 123x^(123) + niTj{ni) = (ni + n3)T,-(n3) + ni(T,-(ni) - T,-(n3)), 

and ni +n3 is a linear combination of no, n2 and rrii, the first term on the right hand 
side of (|6.42p will be bounded either by (no) (in which case we have a term of type 
R),OT by (n2) (in which case we obtain 'H^^^-i)' some {rrij) (in which case we 

relegate n2 and promote rrij to obtain "Hj^^^-i under the restriction (ni) ~ ("■3))- 
The contribution of the second term will be bounded by N~^{ni) times either (no) 
(in which case we have a term of type R), (n2) (in which case we have a part 
of ^^i2-i): or some (rrij) (in which case we relegate n2 and promote rrij to get 

^fti2-i)- 

For the part of /Cj^^p,o have ni + n2 7^ 0. By the assumptions about this 
term, if (no) > ('I2), we will have a term of type R. Now assume (no) ^ ("2), 
we can extract from the bracket in (|5.38p a factor of uq/N or rrii/N . If we have 
an rio/N factor then the net Q factor will be < (no) and we again have a term of 
type R; if we have an rrii/N factor then we may cancel this with the l/rrii factor, 
promote this rrii and rename it n3, to obtain 'H^^^_2- Notice that in this case the 
Q factor is bounded by (n2) /N ^ 1, ni + n2 7^ 0, and if n2 + n3 = 0, we must have 
(ni) > (n2). 
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For the part of ICf^^^^^ we have n2 + ^ 0. We clanTi that this part is "H^^^-i- 
In fact, this wih be the case if both ni + and ni + n2 are nonzero since the Q 
factor is bounded; if ni+ris = 0, then from the assumptions about the l^^-^^^i term 
we have (no) ^ ("-s), so we also have "H^^^-i! ni + n2 = 0, then either (np) or 
(n^) must be > (ni), so we stih have Hj^^^-i- 

For the part of A^^^^paps' ^'^ + ni — happens. In this case the Q factor is 
clearly bounded, thus we obtain "H^^^ . 

Next, we have the "error term" which is some resonant contribution in JC^ (for 
example, the contribution in /C^'j^^ where ni + n2 — 0) minus the corresponding 
TZ^ . In this term we may specify some k (for example, in the term corresponding 
to A^^ji we will have ni = —k and n2 = k). From the computations made before, 
we can see that the corresponding terms may be written in an appropriate form so 
that the 8 factor is bounded even without subtracting TZ^ . Note that here we may 
need to promote some rrii so that we can include in <d to cancel certain factors 
(for example when dealing with ICj^^j). Therefore, before subtracting the TZ^ terms, 
the resonant contributions can be written in the form of (16.351) . with j — i, the Q 
factor bounded, and (say) ni = — fc, n2 = k. In particular, if (rig) + {n^) > (fc), 
we will obtain Ti,^ and subtraction of TV will not affect this. Now we assume 
(no) + (na) < (fc). 

After the subtraction of the TZ^ factors, the Q will remain bounded; moreover, 
it can be checked case-by-case that in the remaining term, we gain an additional 
factor of 

(6.43) min|l,-^(^(no) + (n3)+^(TO,) 

if Til = —k and n2 = k. For example, say we are replacing ijj'^{{k + aj)/N) — 
Y[j V'^((fc ~ '^j)/^) by 4:0^'^~^r]J2j then the error term we introduce is at most 
0(A^~2((Tj)2), which is then at most 0{N^^{ni)^) or 0{N-'^{mi)'^) for some i and 
I G {0,3}. Since this contribution can be cancelled by other factors to produce a 
bounded Q even if we replace the power of 2 by 1 (which will be the case if we 
do not subtract the TZ^), we will have in the error term an additional factor as 
in (|6.43p . The other factors are treated in the same way, provided that in some 
cases we replace the N on the denominator by something larger than (fc). This 
guarantees that either we obtain 7i^, or we may promote some rrii to obtain H^. 

Next, notice that in obtaining TZ^-^, we have discarded the last two terms in the 
bracket on the right hand side of (|6.6|) . However, they add up to produce a factor of 
at most N~^{ni), thus they can be included in TL^. Finally, there are terms where 
at least two of the proposed equalities hold (these term appear due to inclusion- 
exclusion principle), for example we have the term where ni + n2 = n2 + = in 
^^1/^2^3' discussion above, the corresponding Q factor will be bounded, 

thus they can also be included in H^. 

Now we only need to show 9 G 5*^1. This will follow from Proposition 16.21 since 
it can be checked that all the 8 factors are formed using rules (1) through (5) 
in that proposition, with rule (2) used at least once (in particular, all the cut-off 
factors we introduce will be in SVi). □ 
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7. The gauge transform III: The final substitution 

Starting from equations ()6.33|) and (|6.34|) . we need to make further substitutions 
before we can state and prove the main estimates. Here we introduce one more 
notation, namely when we write g'^ for a function g, where uj G { — 1, 1}, this wiU 
mean g if uj = —1, and g if a; = 1. Also in the following, we will use the letter v to 
represent a function that can be either u or v. 

7.1. Prom u to w. Recall that v = Mu and w — P+w, we have 
which then implies, for n > 0, 

/I ^ ni+miH \-rn^—n i—1 

where 

= ^pC"' ^1,1711, • • • , m^) 
is a product of tp factors. When rt < 0, since u„ ^ u^, we have instead 

ni+miH [-m^— n i—1 

where we note (w)„ — vZ^. By replacing each in (|6.34p with one of the above 
expressions, we can prove 

Proposition 7.1. We have 

(7.3) (dt - id,:c)w = J^J2 ^A'^M' 
where \C^\ < C^/iil, the nonlinearity is written as 

(7.4) = E E '^r- 

je{2,3,3.5,4,4.5} cje{-l,l}[jl 

T/ie terms are then 

(7-5) (:^,"^u=i E '^iri(^"')n,n^ 

riiH hrij+miH l-m^=no 1 = 1 i=l 

/orje {2,3}; 

(7-6) (j-r)no=i E ^m(-"')..n^ 

riiH hm,,=no 1=1 i=l 

/or J e {3.5,4,4.5}. Here the real valued weights 
(7.7) 0^ = (?!)^(no,'^i, • • • ,m^), 

where j G {2, 3, 3.5, 4, 4.5}, verify the following, 
(i) When j — 2, we have 

I'/'ul ^ min{(no), (ni), (712)}, 
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also (jifi^ is nonzero only when 

min{(no), (ni), (^2)} > + 1)^ niax(TOi). 

i 

(ii) When j — 3, ive have |0^| < 1; also when ni +n2 — 0, and neither ui or n2 
is related to by m (here and after, we say two n variables are "related by m " , 
if their sum of difference belongs to some fixed, finite set of linear combinations of 
the m variables), we will have 

and the estimate also holds for other permutations of (1, 2, 3). Also, when all three 
0/(711,712,713) are related by m, we are allowed to have {v^^)ni instead o/(w"')„, 
in |7.5[ ) for j = 3. 

(Hi) When j — 3.5, we have 

1^3.51 ^ mm{{no) , (ni) , {n2 + ns)} 

^'■'^ ' - max{(n2),(r.3)} " 

Moreover, we can replace the v in (u'^i)„j in ( [7.6'p for j — 3.5 by w; also, if 

( max (ni))^ ^ min (m), 

0<l<3 0<l<3 

then 712 o-nd 713 must have opposite sign. 

(iv) When j = 4, we have 

\(l>t\ ( niax(77;)2o 4- rnin (ni)) ^. 

^0<l<i l<i<4 ' 

(v) When j = 4.5, we have ni + 7*2 7^ 0, and 

I<'l<(("3> + (n4))"\ 

and this factor is nonzero only if 

max{(7i3), (714)} + max(77ii) < (max{(7io>, ("i), (^12)})^; 

i 

also, whenever 

(ni) > (niax{(77o), (771), (712)})™ 
for some I G {1, 2}, we can replace the v in (u'^')„j in |y.6p for j — 4.5 by w. 

(vi) When j = 3, suppose uq = ni — n, —772 — — k, and (k) <^ {fi + 3)^^^{n), 
then the t/i^ factor will be a function of n, k and other variables. This function can 
then be divided into two parts, with the first part satisfying 



(7.9) \(t)l(n,k,mi, ■ ■ ■ ,m^)\ 



.3(n,fc,777l,...,7n,)|< ^J^y^^y^j , 



and the second part satisfying 

(7-10) |(/)|^(77, fc, 7771, ■ • • ,7re^) - (/'^(77 + 1, fc, 777l, • • • , 777^)| < (77)"^ 

Proof. We will first prove (i) through (v) as well as (|7.9p ; the proof of (|7.10p will be 
left to the end. Since each H'^ term is also a J"^ term, we only need to consider the 
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expressions ()6.34|) and (|6.35|) with j G {2, 3}. We replace each Um, where 1 < / < j, 
by either ()7.ip or ()7.2p . depending on whether ni is positive or negative, to obtain 



for all /zo and j G {2,3}, where ui = (wi, • • • ,0;^) e { — 1, 1}-', and 

(7-12) c^,-.M,= E 0w--^-n(«-)„;rin^. 

Here the frequency set 

(7.13) l^no^,Mo-M, ^ {w = ((n;,n;)i<,<j,((m'),)i<,;<^,.i<,<j) : 

n/ = + (m')i^,,w;n; < 0; 
m H 1- % + (w°)lA'o = "o}- 

note that the free variables are nj and {m})i, and they satisfy a constraint 

] j Ml 

as well as several inequalities. Also the weight is 

(7.14) ea°'^i^^2 ^ 92 (no,ni,n2,(TOO)i,... ,(™")^J X 



X 

0<i<2 
1=1 



(7.15) ea"-'^^' = e3^(no,--- ,n3,(m")i,--- ,(m")^J X 

X n*w("^'^U'^')ir-- ,(™')w)- 

Our argument will be an enumerative examination of all the possible terms, and 
this can be greatly simplified with the following lemma, which we will assume for 
now, and prove after the proof of this main proposition. 

Lemma 7.2. We say a term has type A, if it has the form \7.12^ , with some factor 
Q' in place 0/ 0w which is bounded by 

(7.16) iffi<^^„,,„y^,J^i.J^Y , = 

for some I > 1 and 1 < i < /i; . Moreover we assume that (1) either there is some 
h ^ I such that n'l + n'f^ — 0, or no n'j + n'^, = regardless whether j or k is equal to 
I; (2) either {m!-)in\ < 0, or the v in replaced by w. Then this term will 

he for some b e {3,3.5,4,4.5}. 
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We now start to analyze the sum ()7.12p . Note that the 8^^^ in (|7.14p and the 
0)^0 in (|7.15p are fixed linear combinations of products 1^ • 9 (recall Proposition 
I6.3|) . so we only need to consider one product of this type. 

First, we collect the terms in (j7.12|) where for some l<h^l<jwe have 
n'f^ + n'i =0. We fix such pair (h, I) and fix a fc > (the case A: = being trivial) so 
that n'f^ — k and n[ — — fc, then we fix u and all the /i's except for /i/j and /i/, and 
fix all the variables except for {m^)i and {'m})i. There are then two possibilities. 

(1) If {ujh,u}i) ^ (—1,1), say w; = —1, then from (|7.13p we have (to')i^, + fc < 0, 
which implies (fc) < ((m')i) for some i, and we may assume that (m')i has opposite 
sign with fc. Therefore we get a term of type A and reduce to Lemma 17.21 

(2) If (ojh,oJi) = (—1, 1), then in particular we may replace the v in (t;"'*)„j and 
{v'^')n[ by w in (I7.12p . Now we make the restriction that {{m'^)i) < (^i + 1)"^(^) 
for all 1 < i < M'l ^nd the same for I, where is the sum of all //j, including /i^ and 
/i;. It is important to notice that this restriction depends only on fih + ^J■l', also, the 
remaining part is of type A and can be treated using Lemma 17.21 

Next, assume + i^^i > 0; we will replace the ^f^^ factor in (I7.14|) and (I7.15P by 
■0^^'' (n'^/7V) and the same for I; thus the modified version of 5*^,, '5^, will depend 
only on fi^ + ^J'l■ Also we may replace the rih and ni appearing in O factors in O^^^ 
functions, as well as mino<j<2('T-j"), by n'f^i= fc) and n[(= — fc); note that we are not 
doing this for the 1e factor. Now, since the Q factors and the ^' factors are in SVi, 
mino<j<2(%) is in SV2, and we already have (n/i) ~ (nj^) and the same for I, we 
can easily show that the error introduced in this way will be of type A. 

Now, apart from the 1e factors, we have replaced 0w with some Q' in- 
dependent of the {mP')i and the (m')i variables. Regarding the 1e factor, let us 
consider the case E = {mi + Uh' — 0}. If {/', h'} = {I, h}, this factor will again be 
independent of the chosen m variables (since it only depends on (m'*)ip^ + (m')i^, 
which is fixed). Therefore, up to an error term which only involves the summation 
where j = 3, the weight Ql^'"^^^ factor is bounded, and all three of (n'j^, nj, ng) are 
related by m (thus it will be Cf^), we may assume that 0' is completely independent 
of the {m^)i and (r7i')j variables. 

Next, we will fix Hh and /i/, so that we are summing over {m^)i and {m'')i, the 
restriction being 



(7.18) (m'')i^, + (m')i^, = est, max{((m''),), ((m'),,)} « (m + 1)"' 



where the constant depends on the other fixed variables, and the summand will be 



which comes from (j7.13l) . will be void. Now we can see that this sum actually 
depends only on fih + m, thus when we sum over /i^ fixing fih + ^J■l, we will get zero, 
since 



n (m'^)i TT 
2=1 ^ i=l 




Note that when each {m^)i and {ni')i/ is small, the restriction 
(7.20) (m'')i^, > -fc,(m')i^, < fc. 



(7.21) 
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Therefore all the terms in this case can be treated using Lemma [7.21 

We still need to consider when fi^ — fJ^i — 0- In this case we have rih — k 
and ni = —k. Note in particular we must have j — i due to the restriction (i) in 
proposition 16. 3( we may assume h = 1 and Z = 2, so the O^"'"''^^ factor is bounded 

by 

provided ^ ±k, which we may assume since otherwise all three of {n'i,n2,n'j) 
will be related by m and we will get J^. Now if {{m^)i) <^ {^3 + l)~^(n3) for all 
i, then (713) ~ {n'^) and the v in (w'^^)„^ may be replaced by w, thus we will have 
J^^; otherwise we may promote some (m^)i and rename it n^, and it can be easily 
checked that this part will be J'^. 

Now we collect the terms where no two n'l add to zero. Among these, we will 
first take out the part where {{m})i) > (/iq; + l)~^(ni) for at least one \ < I < j 
and at least one 1 < i < fii^ since this again will be of type A. In what remains, we 
will have {n[) ^ and that ujin[ < 0, and we may replace the v in (w'^')nj by w. 
Now when j = 3, we already obtain a part of J^. Finally, when j = 2 we separate 
the cases where 

(7.23) max((m'),) < (^oj + 1)"^ niin{(no), (rii), (^2)} 

l,i 

or otherwise, again by inserting smooth cutoffs. If (|7.23p holds we get a part of J'^; 
if (|7.23p fails, we can promote some (m')i and call it ^3 so that the new Q factor 
is bounded, and then replace m„3 by ()7.ip or ()7.2p . introducing the rig and (m^)i 
variables. Now, if {{m^)i) ^ (71,3) for all i, so that {n'^) ^ {n^) and the v in 
may be replaced by w, so we get J'^ due to the same argument as in the proof of 
Proposition 16. 3| otherwise we could promote some (m^)i to be n^. We then obtain 
if one of 773, n'^, 714 or the remaining m variables is > (max{(no), (ni), (n2)})To , 
and obtain a part of J''^^^ otherwise. 

Finally, to prove part (vi), first notice that in (I7.10p we may assume each (m^) <C 
n also, since otherwise we will have J^^. It can then be checked that in this proof, 
whenever we have such a term in J^^ , all the G and ^' factors involved in the weight 
will be in SVi ; there will be another part of J^^ coming from type A terms, and we 
will show below that they verify (|7.9p . The possible Is is not in SVi but under our 
assumptions, they will not change if we increase or decrease n by 1. Thus ()7.10p 
will be a direct consequence of the definition of SVi and Proposition 16.21 □ 

Proof of Lemma \7.2\ Fix the / and the i in (|7.17p . and first suppose j = 2. We 
may assume I — 2 and promote the (rn?)i by calling it 713, then the new O factor 
will be bounded by 

min{(rto), (m), (712)} 
max{(n2), (ng), {n'^)}' 

Notice that 



i i 
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thus the Q factor wiU be bounded either by 

24) mini (no), {n[), jn'^ + n^)} 

max{(n^), (na)} 

or by some 

min(l, ^^f,^'\ , le{l,2},l<z<fii. 

[ max{(n2),(n3),(n^)}J 

In the former case the bound (j7.8p is aheady verified, and we will have a part of 
J^-^ if ujin'i < and n'2 has different sign with ns. If uJin[ > 0, we have for some 
1 < i < Hi that (ni) + {n[) < {{w})i) and we are reduced to the latter case above. 
Now in the latter case, we promote the {m})i and call it 714, so that we get an 
expression of the form 



(7.25) 'j'-n(-^')«,n^^ 

niH hn4+™iH hmn=nQ 1=1 i=l 

where we may assume uji(ni + Xi) < 0, where A; is some linear combination of the 
m variables, and the v in (w"')„, can be replaced by v for I £ {1,2}; also the $ 
factor is bounded by ((712) + (n^) + (71,4))"^. Now if one ni{2 < I < 4) or irii is 
> max{(no), {n,i)}^ we will obtain a part of J"*; otherwise we must have wirii < 
and thus we are in j/*'^. 

Now, if we have some term similar to J'^'^ (i.e. with & factor bounded by 
(|7.24p ). with uJiUi < but 712 and 713 have the same sign (note the rij here was n'j 
before we rename it), then from the definition of type A terms, we can replace the 
V in {v'^^)n'. by w for j e {1, 2}. Next, we replace u„3 by (|7.ip or (|7.2p according 
to the sign of 713, introducing the 773 and {m^)i variables. Under the assumption 
(773) ^ maxo<;<3(77i) 2 , we may assume {{m^)i) <C (773)*, otherwise we will have 
J'^. In particular we have {w'^^)n'^ and the weight will be bounded by ^'a"{("2)' (n' )} • 
Since 772 will have the same sign with 773, we cannot have r7o = 771 or 772+773 = 0; 
then we can check that this term will be J^^, and that it verifies (17. 9p . 

Now assume j — 3. We may assume / = 3, and by a similar argument we will ob- 
tain an expression of form (j7.25p . but with $ factor bounded only by ((773) + (774))^^. 
If we can assume that some other 77^ (say 772) are related to 773 + 774 by 777, then we 
can reduce to the case just studied. Otherwise we must have 771 + 772 7^ 0. Now we 
may assume that 713, 774 and all the 777 variables are <C ((max{(77o), (771), (772)})2o or 
we are in J'^; also, if for some I £ {1,2} we have (n;) > (max{(77o), (tii), (772)})to 
(we make this restriction by inserting a smooth cutoff), then unni < and we can 
replace v in (w"')"! by w. Therefore we will have J^^'^. □ 

7.2. Prom w to w* . We still need to remove from the right hand side of (|7.3p the 
part that cannot be controlled directly, by means of a substitution which will be 
described in the following proposition. 

Proposition 7.3. We can define w* , for each fixed time, by 



(7.26) {w*)n = e-'^-w. 
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where the A factors are 

(7.27) A„(i) = / dn{t')dt', 

Jo 

and the S factors ar^ 



(7.28) 5^-y.c,y: e r.|u;.pn^. 

fc>OmiH [-mj,=0 i=l * 

/or n > 0. Here we have \Cf^\ < C^//i!, the factor T — T{n,k,mi, ■ ■ ■ ,m^) is 
nonzero only when (k) +maxi(mi) < (/i + 3)~^^(n), and it verifies the estimates 

(7.29) |r|<l; |r(n,fc,mi,--- ,77v) -r(7i + l,A:,mi,--- ,77v)| < (n)-i. 

Moreover, we extend 6n and A„ to n < so that they are odd in n, then define u* 
and V* by 

(u*)„ = e"''^"u„, v&{u,v}. 
With these definitions, we have 

(7.30) {dt^id,.)w* ^U\w*,w*)+ E 

j"e{3,2.5,4,4.5} 

where = E^e{-i,i}m C'^^A/'^^ for each j with \C;^^ < C^///!. The nonlin- 
earities are 



(A/-r (/,5))«o - E *^ n(-")«, n 

"l+n2+n3+"ilH hm^=no 1=1 i=l ' 

and 

(A^r)"o= E *i---"on(.-)«,n^ 

"iH hn[3]+niiH l-mj,=no /=! i=l 

/or no > anrf j G {3.5, 4, 4.5}. 77ere $^ = $^(ni, • • • , ri^jj , mi, • • • , m^), anrf i/iese 
factors (and the corresponding terms they come from) satisfy the requirements in 
parts (i), (Hi), (iv), (v) in Provosition \6.3\ for j = 2,3.5,4,4.5, respectively. 

Finally when j — 3 and we only consider the case where ^ 0, we h 



we nave one 



of the following: (a) either three of the four variables (— no, ni, n2, ^3) are related 
by m (in which case we are allowed to have v instead of w), or no two of them 
add up to zero, and |$^| <1; (b) up to some permutation, ni + n2 = 7^ no — na 
and |$^| < min{l, ((no) + (n3))/(ni)},' (c) up to some permutation, no — ni, and 
either n2 + n3 ^ and |$f I < 1, or nj = -ng and I*? ! < min{(«o),("2)} 

Proof. Note that in J^^ we may assume (m^) ^ (/i + 3)^^^ maxo<i<3(ni), since 
otherwise we would obtain a part of J"*. Now we collect the terms in J'^ where 
n-o = ni, n2 + n3 = 0, {n2) <C (/i + 3)^^'^(ni), as well as the terms corresponding 



^Note that wc may replace the uij. by {ui*)^ in this expression. 



42 



YU DENG 



to other permutations, that satisfy ()7.10p . It is clear that the sum of these terms 
can be written in the form of 



(7.31) i.u.„^ y: r-k.pn^, 

fe>OmiH hm,i=0 i=l 

with the r factor satisfying the requirements (the inequahty about the difference 
is guaranteed by part (vi) of Proposition 17.11 since the new factors we introduce 
will always be in SVi). Now if we define the (5„ and A„ factors accordingly and 
make the substitution, we will be able to get rid of the term in (j7.31|) . The terms 
with J 7^ 3 are transformed into A/'-' without any change; as for the remaining 
terms in J^^, we can see by an easy enumeration that the coefficient will meet 
our requirements. □ 

8. The a priori estimate I: The general setting 

In this section we state our main estimate that works for a single solution. Its 
proof will occupy Sections IMTTI There will be another version concerning the 
difference of two solutions, which will be stated and proved in Section [T^ 

8.1. The bootstrap. Let us fix a smooth solution u, defined on M x T, to the 
equation (jl.6p . with the parameter 1 <C < oo. In what follows we will assume 
N < oo, since the case N = oo will follow from a similar (and simpler) argument. 
The main estimate can then be stated as follows. 

Proposition 8.1. There exists an absolute constant C such that the following holds. 
Suppose \\u{0)\\zi — ^ f^^ some large A, then within a short time T = C~^e~^'^ , 
for the functions v and w defined in Section\^ and the functions u* , v* and w* 
defined in Section^ we have 

(8.1) \\w*\\yT + \\v*\\yT + \\u*\\yT < C ^ ' 

(8.2) \m)-''u\\ 

Here the space X2 H n is normed by \\ ■ \\x2 + || • \\x3 II + II • ||x4, for which we 
can easily show that Proposition \3.6\ still holds. 



Remark 8.2. The constant C will depend on the constants in the inequalities in 
earlier sections, such as Proposition 13.61 and Proposition 17.31 To make this clear, 
we will now use Cq to denote any (large) constant that can be bounded by the 
constants appearing in those inequalities. 



In the proof of Proposition 18. II we will use a bootstrap argument. The starting 
point is 



Proposition 8.3. The estimates S8. 1\) and fS. 2\) are true, with C replaced by Co, 
when T > is sufficiently small. 

Proof. Note that u*{0) = u{0) and the same holds for v* and w* , and also w{0) = 
P+w(0), by invoking Proposition 13. 6| we only need to prove that ||u(0)||zi < CqA 
and 11x^(0)112^ < Coe'"°^. The first inequality follows from our assumption, so we 
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only need to prove that ||Afu||zi ^ Coe*^""""^! . By the definition of M, we only 
need to prove that 

(8.3) \\P''u\\z,<Ci;\\ur^-^' 
for all /i. Now we clearly have 

(8.4) |(P''u)„J<^|u„J.|^„„_„J, 

m 

where 

mi-i l-m/^^—m i—1 ^ ' 

Since when m — mi^ we have (m) < C^ljn\) • • • {ra^)^ we conclude that 
(8.6) ^ C'^'HEt^ ^ {CoMzX. 

1 — {iTLi) i 
m i—l rrii \ 

where the last inequality is because 



< E2"^ll"bi^ll^b.- 

Now using (I8.6p . we will be able to prove (j8.3p once we can prove 

(8.7) ||(Un+m)nez||zi < (m)3||u||2^. 

To prove this, by definition we need to control WlnVun+mWip for each d. If 

m <^2'^ this is easy, since we then have n + m ^ and also (n)'' < {m)i {n + my. 
Now if m ~ 2^^ > 2'^, we can use {ny < (m) s (n + m)'" and 

(8.8) \\{n + myun+my < , < (d' + l)||u||zi < 

to complete the proof. □ 

Starting from Proposition 18.31 and with the help of Proposition I3.6[ it is easily 
seen that we only need to prove the following 

Proposition 8.4. Suppose Cj is large enough depending on Cj-i for 1 < j < 2, 
and < T < C2^e~^^^ . Then if the inequalities 

(8.9) ||u;*||^T + III;* 11^^. + \\u*\\yT < de^^^, 

(8.10) \\{d.)-''u\\^x,nx.,nx,)T <CiA 
hold, these inequalities must hold with Ci replaced by Cq. 

The rest of this section, as well as Sections |9] and [TOl is devoted to the proof of 
the estimate for w* in Proposition I8.4( in Section [11] we consider the other three 
functions. During the whole proof, the inequalities (|8.9p and (|8.10p will be assumed. 
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8.2. The extensions. By the definition of Yj norms, we have globally defined 
functions u", w", w" and vl" which agree with m*, w*, w* and u on [— T, T] respec- 
tiveljQ, and verify the inequalities (|8.9p and (|8.10p with the superscript T in the 
norms removed. By inserting a time cutoff we may assume that they are all 
supported in \t\ < 1. We then define the factors (5„ and A„ for all time as in (j7.27p 
and (|7.28p . with w* and u replaced by w" and u'" respectively. We may also define 
functions u' by {u')n = e'^"(u")„; the functions v' and w' are defined similarly. 

Now we could interpret the bilinear form A/"^ and terms J\f^ on the right hand 
side of (|7.30p . by replacing each u with u'" , each w with w' , each v with v' (note 
V is either u oi v), each (5„ and A„ with what we defined above. If we then choose 
some < T < r and define the function z by z{t) = w"{t) for t e [—T^T] and 
{dt — \dxx)z{t) = on both (— oo, — 7^ and [T, +oo), then we can check that this 
function z verifies the equation 

(8.11) (9t-i9,,)z = l[_r,r]WA^'(^,^) + l[-r,r](i) E 

ie{3,3.5,4,4-5} 

with initial data z(0) — w(0). Using the time cutoff x{t)i can define y{t) = 
x{t)z{t). From (|8.1ip we conclude that 

je{3,3.5,4,4.5} 

Since is smooth on the interval [— T, T], we may conclude that T i— > y is a 
continuous map from (0, T] to Yi\ also it is clear that when T is sufficiently small 
we have ||y||Yi < Coe'^""*. Thus in order to prove the estimate for w* , we only need 
to prove the following 

Proposition 8.5. Suppose y Yi is a function verifying I18.12\) with < T < 
Cj^^e""-'^^, and \\y\\Yi < Cxe^^^ , then we must have \\y\\Yi < Coe^°^. 

In what follows, we will use T instead of T for simplicity; note that T < 
C^^e"*^^"*. Before proceeding, let us prove a few results concerning the exponential 
factors e='='^"(*). The first lemma is a general feature. 

Lemma 8.6. Suppose hj ~ hj{t), j G {0,1} are two functions oft, and define 
Jj{t) — x{^)^^^'^^\ where Hj{t) = hj{t')dt' , then we have the estimate 

(8.13) ||(0(Ji - Jo)^(e)llL^- < \\{M - /io)^||li(1 + IIMU^ + Whoh^)^ 
for all 1 < k < oo. 

Proof. Recall from Section [3] that x — x{t) is some time cutoff that may vary from 
place to place. Thanks to this factor, we only need to prove (|8.13p for fc = 1. Next, 
notice that 

(8.14) Ji - Jo = ix • {Hi Ho) f eK««i+(i-«)«o) 

Jq 

we only need to prove (|8.13p for a fixed 9. Let h = hi — h2 and hg — 6hi + (1 — 0)ho 
and H, Hg defined accordingly, and define x ' He^^" — $. We then have 

(8.15) dx<^^{x! -H + x-h + ix- Hhe)e'"o , 



Note that all the extensions we construct are in X2, thus in particular we can talk about their 
restrictions to [— T, T]. 
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which then imphes 

ll(e>$(e)llLi < ||$iUi + ||a3||Li 

< IKX • e'^«)^|Ui • [WxHl^ + hiH\\L^ + hiH\\L4xh9\\L-) 

< IIX • • {Wl^ + WxHWh^ + \\xH\\H4\\hi\\L^ + UMIlO) 

where is the standard Sobolev norm. □ 
Proposition 8.7. We have 

(8.16) WLWl^ < CoCie'^«'^i^log(2 + |n|), 
as well as 

(8.17) |l((5„+i - <5„)^I1li < CoCie^«^i^(n)-i 
Proof. Recall from Proposition 17. 31 that 



(8.18) 6,.^J2C, J2 r.|(z.").pn 

A:;miH \-rn^—0 i—1 

where |C^| < and the factor F, as in Proposition 17. 3| verifies (|7.29p . Now, 

using the fact that < llsllii i obtain 

< CoCie^°^^^log(2 + |n|). 
Here we have used the fact that 

(8.19) \\{m)-'u"'\\i.L^ < \\{d,)-'\"'\\x, < C,A, 
as well as 

(8.20) < log(2 + |n|) . ||u;"||,j=,„/= < log(2 + \n\)\\w"\\x., 

k<{n) d>Q k^2<^ 

and the same estimate for w" . 

The estimate for the difference is proved in the same way, by using the second 
inequality in (I7.29p . In fact we get a power (n)~^ log(2 + \n\) which is better than 
(n)-i □ 

Remark 8.8. Note that all our norms are invariant under complex conjugation. 
Occasionally we will make restrictions such as n; > which breaks this symmetry, 
but such information is only used in controlling the weights and the non-resonance 
factors, thus in terms of norm estimates for a single function, we will basically view 
w and w as the same function. 
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Proposition 8.9. for any function h, let h' be defined by {h')n — x(^)e'''"^"/in for 
each fixed time. We then have 

(8.21) \m)-''h'\\x,<OcAl)e^°'''^\\h\\x, 
for 1 <j <7. 

Proof. Apart from X3, all the other norms we are considering are (some Besov 
versions of) \\{n)'^ {£,)^u\\iki^h or |1 (?^)'^(0^'"llL''/'= with /3 <1, and in the latter case 
we have a — l3 = 0. Since the map h 1^ h' commutes with P projections, we only 
need to consider these kinds of norms. Notice that on the u side, this map is just a 
convolution with the Fourier transform of x(i)e*"^"'-*-' for each Un- Thus to prove 
the result for I'^L'^ norm, we only need to prove that convolution by this function 
is bounded with respect to the weighted norm ||(^)^ • W^h by Oci{i)e'~'°'~''-^{n)^ . 
An elementary argument yields that this bound does not exceed the norm 

which is bounded by CoCj e*^''*^i^(log(2 + |n|))^, thanks to Lemma [5^ and Propo- 
sition 18.71 

Now let us consider the L'^l'^ norm and the norm. Let /„(^) be the Fourier 
transform of then we conclude that 

\\{n)-'\h')n,i\\L>^i, < / ||(7i)-'*'/t„,^_„/„(r7)||i.,.. d77 

Jm. 

(8.22) < / sup{n)-'"\Iniv)\-\\h\\LN^dr,, 

note the same argument also works for X^. Therefore we need to bound the ex- 
pression 

[ sup(n)-^'|/„(0|dC 

JR n 

by Oci {l)e'^°'^^^ . By performing a dyadic summation in n, we only need to bound 

(8.23) / max|/„(0|de 

by Oci(l)e*^"'^i^((i -I- 2)°(i). Now suppose |^| < 2^"'', then we simply use Propo- 
sition 18.71 as well as the L°° estimate of Lemma 18.61 to bound this contribution by 
Oci(l)e^«'^i^ times {d + 2)OW J^^^^^,,,{0-^d^ = (d + 2)0(i). If \^\ » 21°^ we 
may replace the "maximum" in this expression by summation (during which we 
lose a power 2''), then use the estimate of Lemma 15^ and the largeness of f to 
gain a power 2^°'*. Thus in any case we obtain the desired estimate. □ 

9. The a priori estimate IL Quadratic and cubic terms 

We now begin the proof of Proposition [8?5l the starting point being (I8.12p . The 
linear term is clearly bounded in Yi by Coe'^'''^, so we only need to bound the J^^ 
terms. There will be a large number of cases, and they are ordered according to 
the difficulty level. In this section we will be able to treat every term except Af^-^. 
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Proposition 9.1. For each j G {2,3,3.5,4,4.5}, define 

(9.1) TWJ' =f(l[_T,T]A/'0' 

where we may write Af^ or Af^{y,y) depending on the context. We then have 

(9.2) <Oc,(l)e^''^^^r"+, 
as well as 

(9.3) J2 ll(n)-*(0"(A^-'')n,dh^L^ <Oc,(l)e^°^^^r«+. 

i6{3,3.5,4,4.5} 

Remark 9.2. Since we have 

(9.4) \\{n)-\0^u\\i-'L^ <Co\\{n)-^^{0''u\\pL^ 

by Holder, the inequalities (|9^ and (|931) wiU imply ||i;||x4 < Coe^°^, due to the 
restriction T < C^^e'^-'^. 

Proof. In this proof, as well as the following ones, we will use the < and > symbols, 
with the convention that all the implicit constants are < Oci (l)e'^°'^^"*. Note that 
in the estimate for any possible multilinear term, the total number of appearances 
of all functions other than u'" is bounded by 10, thus as long as we only use the 
norm \\{dx)^^ u"'\\x2nX3nX4 (which is bounded by CiA) for the function u'", the 
implicit constants will be bounded by 

(9.5) {OcA^)e^°'''^f"Y.^(^oCiAr < Oci(l)e^"^^-^ 

A- 

and is thus under control. We also need to be careful with the sharp cutoff l^^x xy 

Denote by <j)^ — - — ^| the Fourier transform of l[_7-7-]; note that < 

min(r, ^), and that ||0||Li+({|e|>/f}) < T''+ (K)"- . 

First let us prove ||A^^||jf4 ^ As argued above, we may fix /i > and 

Lu G { — 1,1}^ (though we will not add any sub- or superscript for simplicity). 
Choose a function g such that \\g\\x'^ < 1 and define / = £'g. Also define /' bjo 
{f')n — e^^'^fn and y' similarly; these notations will be standard throughout the 
proof. 

From the bound H^Hx^ < 1 we obtain by Proposition 13.41 that 

\\{no){aoy^^fno,ao\\l-r'L^- < 1, 

which then implies, thanks to (Holder and) an argument similar to the proof of 
Proposition that 

(9.6) ll(no)^-°(^'-')(ao)^-'^(/')no.col|PL^<l- 



^Sincc / has compact time support, we may insert x(i) in the definition of /', so that we 
can use the arguments in the proof of Proposition 18.91 The same comment applies also for later 
discussions. 
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Now we only need to bound the expressiorQ 

'5 = V / /no,ao • (l[-T,T]A/'^)no,ao dao 

no 

= ■ /no.ao X 

/ IR 

no=ni+n2+miH hmj. 



1=1 1=1 ^ 

E / ■ (/')no,ao X 



no=?il+n2+"ilH hm 

2 



(=1 4=1 * 



Here the integration (T) is interpreted as the integration over the set 

{(ao, • • • ,a3,/3i, • • • ,^^) : ao = ais + Pifi + S}, 

which is a hyperplane in R^+^ (recall the notation that aia = ai + a2 + as), with 
respect to the standard measure 

3 M 

[|da/- J|d/3„ 

1=1 i=l 

where the non-resonance (NR) factor 

2 M 

(9.7) S = |?io|no - ^ |n/|n/ - ^ Im^lTOi. 

1=1 i=l 

Note that we are using the convention that u„^q stands for also we may always 
restrict to no > 0. 

Notice that the m variables are all <C mino<;<2(n/) (again here we may have 
harmless polynomial factors in /i), we can check from (|9.7p that 

(9.8) ISI ~ min (n/) • max (rt;). 

0<l<2 0<l<2 

We will first take the summation-integration over the set where Y!d=o(^i) ^ ^''j 
and then sum over d. In this case, at least one of the a and l3 variables must be 
> 2'^. Now, with a loss of 2*^^^ we can replace the 1 — 0{s^'^) exponent in (|9.6p 
by 1. Also notice that |$^| < {uq), we may further (upon taking absolute values) 
remove this $ factor and the (n) factor in (|9.6p simultaneously. 

With these reductions, we then proceed to the estimate of S. First assume 
(ao) > 2'', thus we gain from the bound (j9.6p a power 2'-^^'^^'^, while after exploiting 



""^Here in order to pass from / to /' we have used the identity 



/ fnQ,aoJ^no,a„ daQ = / (e"^"o /„) A (q-q _ |no [no) {e'^"o A/'„ )^ (oQ - lrio|no)dao, 
JR JR 

which is a consequence of Plancherel. 
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this, we still have0 ||/'||;2^2 < 1. In the same way, we can use the Xi and X4, bounds 
for y to deduce some bound for y' (see Proposition l8.9|) . and strengthen the bound 
to \\{ni)^\ai)^+''\y')n,,aMpL^ <1 at a price of at most 2^^^-''^'^. 

We then fix all the m and /3 variables to get a sub-summation-integration that 
is bounded by (with C being irrelevant constants) 

Ssub < E / l(/')no,SSll'/>0,S5|-ni((y'rk,5ll 

^ |||7| 

(9.9) < ii/'iiPLHioT(2/'nu«+L«+iiwnu3L3ii0ii,i4-ii+. 

where ai = ai — \ni\ni^ and is viewed as a function of {t,x) that is supported 
at n = (so that 03 = 0^3); also recall the 91 notation defined in Section [2.11 
The right hand side will be bounded by T*^"*" by our (reduced) assumptions and 
Strichartz estimates, provided we choose the 6-|- to be 6 -|- cs^ with some small c, 
and choose 1+ accordingly. 

Now we sum over nii and integrate exploiting the bound 
CiA, to bound the whole summation-integration for a single d; taking into account 
the gains and losses from the reductions made before and exploiting (|1.3p . we 
conclude that the part of S considered above is bounded by 7^0+2(0^)''^ which 
allows us to sum over d. 

Next, assume that (ai) > 2'^ (the case for 02 will follow by symmetry). In this 
case we do not gain from the bound (|9.6p . so that we still have "/'Ili^L^ ^ 1: 
which, via Strichartz, allows us to control ||D^/'||/^2+^2+, where this 2+ is some 
2 -|- c(l — k). Instead, we gain from the bound 

||(ni)«'(ai)^+^'(y')n,,.J|PL^ <1 

as above (with a loss of 2*^(3^'')'') and change the exponent (01)^+" to (q;i)5-'=(i~'') 
to gain the power 2'=(^~'^''', and the reduced bound will allow us to control 91y' (in 
the form of 01(i/')"i) in L^~L^~ with the 6— here being 6 — c(l — k). Choosing 
the constants c appropriately, we can then proceed as in (19. 9p . with the /' factor 
estimated in two y' factors estimated in and Li^Li^ respectively 

and the (f) factor in to get the desired bound. In the same spirit, if (as) > 2'^, 

we will use the L'^+L'^+ bound for 9T/' (with 2+ being 2 + c{l- n)), L^+L^+ and 
L^L^ bound for Vly' (with 6-)- being 6 -t- cs^) and Z^+L^+ bound for (f> (with 1+ 
being 1 + c(l — k); note that we gain a power 2'^^^~'^^'^ here due to the largeness of 
03) to conclude. Again we gain at least 2'^(^~'*)'' and lose at most 2'-'^2~'')'^ so we 
have enough room for summation in d. 

Next, assume that (fii) > 2'^ for some i. If for this i we also have {rrii) > 2^, 
then we would bound |TOi|^^ < 2~ro(TOj)^i to gain a power of 2'^'* and proceed as 
above, since we still have 

(9.10) ||(m,)-i(w"')™.,^J|ziLi < \\{d^}-'\"'\\x, < CoCiA 

^Actually it is the modified version of /' that is bounded in l^L^ (namely, the /" is defined 
tiy (/")"0:ao = 2''l^^^^>2d (/')»io.ao)- "^^^ same comment appUes also for every other reduction 
we make. Our wfording, though imprecise, should not cause any confusion. 



50 



YU DENG 



which allows us to sum over mi and integrate over If instead {rrii) < 2^0 ^ we 
could use the X4 bound of {dx)~'' u'" and Proposition 18.91 to bound 

\\{mi)-^^3^)^ {y'),n^^fl^\\l2i^2 < 1, 

and exploit the largeness of /Si to gain a power 255 and reduce the above bound to 
|j(mi)^(/3i) 5(y')m.,^Jji2i2 < 1 which would imply ^ 1 so that we can still 

apply the argument above, sum over rrii and integrate over /3i. This concludes the 
proof of (1121). 

Now let us prove (|9.3p . Let g, f and /' be as before, but with the new bound 
||(?io)™ (q^o)"'^ "/'IIpl^ ^ 1- Note that the estimate for /' is again easily deduced 
from the estimate for g and the same type of arguments as in the proof of Propo- 
sitions ISH and iJl To bound and M^-^, we need to bound 

(9.11) s = J2 ^'-In no,ao X 

no=ni+n2+n3H hm^ (^) 

with the integration (T) interpreted as the integral over the set 

(9.12) {(ofQ, • • • ,Q!4, • • • ,/3p) : uq = an + + S}, 

with respect to the standard measure, where the NR factor 

3 M 

(9.13) S = |no|no - X! I'^'l"-' ~ X! 1"^*!™*- 

1=1 i=l 

Here z' or equals u' , v' or w' for each I. Again we assume X]f=o("'') ^ 

losing at most 2*^^^^^, we may assume that w' verifies the same bound as y' before, 

and 9Tz' is bounded in X4 and L^L^. Also note that |<i>-' | < 1 in any situation. 

If (no) + (ao) ^ 2m, we may gain a power 2^^^^")'' (note our loss is at most 
20(e)d^ from the bound of /', and reduce this bound to ||/'||i2i2 < 1. Then we can 
first fix the rrii and Pi variables and obtain the Ssub-, estimate in the same was as in 
()9.9p , then sum over rrii and integrate over [3i . The only difference with ()9.9p is that 
now Ssub contains five functions instead of four; however, here we may estimate the 
/' factor in L'^L'^, the OTw' factor in L^+L^+ with the 6+ being 6 + cs^, the Olz' 
factors in L^L^ and the (f) factor in so that we can still close the argument. 

If (o^i) ^ 2ot, we may perform the same reduction as in the estimate of |lA^^||x4 
before, gain a power of 2'^(i~'^)'' and use Strichartz and the reduced bound to control 
||01w'||L6-i6- , where the 6— is 6 — c(l — k). We may now control 0^/' in L'^^L^^ 
with the 2+ being 2 + c(l — k), then control ^Tlz' in L^L^ and <j> in some 
The exponents will match if we choose the constants c appropriately. 

If (aa) > 2f (the as case being identical), we have two possibilities. If j = 3 
then is also taken from {w', w'} so that we are in the same situation as above. If 
j = 3.5 then either (712) > 2s5 and we gain a power 2'^'^ from the $ factor thanks to 
(|7.8p and the assumption that (no) ^ 2m , or (n2) ^ 255 and we can exploit the X4 
bound of z', gain a power 2'^'^, and use the reduced estimate to bound ||0^z^||i6i6 
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(again, as we already did in the estimate before). In any case we gain a power 
2c(i-K)d^ fose at most 2'-'^'^^'^, and can control the reduced Ssub expression. 

If ("24) ^ 2ro, we can again control in L^^L^^ with the 2+ being 2 + c(l — k), 
then control the DTw' in L^+L^+ (with 6+ being 6 + cs^), O^z' factors in L^L^ and 
in f-^L^^^ with the 1+ being 1 + c(l — k), with the c chosen appropriately. Note 
that since 04 is large, we will gain a power 2'^(i~'')'' from the bound of 0. 

Moreover, if {rrii) > 2™ for some i, we can repeat the argument made before to 
gain a (small) 2'^'* power from this factor alone while keeping the ability to sum 
over TJii and integrate over and reduce to the above cases. 

Finally, if none of the above holds, we must have (rtg) ^ 257) and |5| <^ 2^. We 
may also assume {rrii) <^ 2^ or we are reduced to one of the cases above. Thus 
from (j9.13p we deduce 

(9.14) ||ni|ni + \n2\n2 + Inslns] < 2I 

Note that we may assume j = 3, since when j = 3.5, one of (7^2) and (713) must be 
> 2^^ and we gain a power 2 from the weight $ so that we can proceed as above. 
Now if the minimum of {ni) for 1 < Z < 3 is at least ^29, then we will be in the 
same situation as in (|9.7p and the expression in (|9.14p has to be > 2"^. Therefore 
we may further assume (71.3) ^ 2^, and it will be clear that the NR factor can be 
small only if ni+n2 = 0. However, in this case we gain from the factor $ a positive 
power 2^*^, due to parts (b) and (c) in the requirements for J\f^ in Proposition 17.31 
This allows us to complete the estimate in the same way as above. 

Notice that in estimating Ai^ above, we have ignored the term where three of 
(—no, ni, 712, "-3) are related by m and we are allowed to have v instead of w (in the 
discussion here, they will be v' and w' respectively). To handle this term, simply 
fix the m and /3 variables and bound the $ factor by 1 (we may assume {rrii) ^2^ 
or we gain a power 2'^'* and can proceed as above). We can bound the resulting 
Ssub (note that we are restricting to ni = ci zt tiq ^ 2'*) 

3 

c; ±no ,0; * I r^a4 \ 

n.Q -'oo^aiH |-a4+C4(no) 

no 1 = 1 



1=1 

where Cj are constants (or functions of hq). Thus this term is also acceptable. 
Now let us bound A^"* and Ai"^-^. The quantity we need to control is now 

(9.15) S = j • (/')no,ao X 

nn=niH hn4H hTifi ^"^^ 

4 M 



X 



m 

1=1 i=l 
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with the integration (T) interpreted as the integral over the set 

(9.16) {{ao, ■■ ■ ,a5,/3i, • • • , /3p) : ao = ai5 + /3i^ + S}, 
with respect to the standard measure, where the NR factor 

4 M 

(9.17) S = |no|no - ^ - ^ |m^|TOi. 

1=1 i=l 

Here or z' equals u' , v' or w' for each I. We assume the maximum of the n 
variables is ~ 2'^, and with a loss of at most 2'^^'^^'^, we may assume that ^w' 
verifies the same estimate as appeared before, and Tlv' is bounded in X4 and L^L^ 
(again, it is the modified versions of w' and v' that verifies the estimates). 

If j = 4 we may assume (up to a permutation) that |$| < 2~w(n3)^t. Due to 
the presence of the (713)" 3 factor, we may also fix 713 and as when we fix the rrii and 
/3i variables. Once these variables are fixed, we only need to control the resulting 
Ssub- But since we gain a power 2 90 from the factor, the estimate for Ssub will 
be easy; we simply bound in L'^+L^+, bound 91z' in L^+L^+ for I e {1,2,4}, 
and bound cf) in l^~^L^~^. This proves (|9.3p for j — 4. 

If j = 4.5, then all the nii variables, as well as and 714, are <C 2t5. This in 
particular implies that either (no) > 2 to so that we gain from the (no) 30 factor in 
the bound for /', or the NR factor |S| > 2'^ (note that ni + n2 7^ 0) so we can gain 
from one of the a or /3 variables. Note that |<I>| < (('^■3) + (n4))~^, thus when we fix 
the nii and /3i variables, we always has the choice of also fixing (n3, 03) or (n4, a/C). 
This means that though the Ssub expression seems to involve six factors, in practice 
we will always use only five of them. The rest will be basically the same as before. 
If we gain at least 2'^^^"'')'' from no, ao, a3 (or similarly 04) or some then we 
will fix (and then sum and integrate over) (mj,/3j) and (n3,a3) to produce Ssub^ 
then control 9^/' in L'^"-l?+, ^z\l e {1,2,4}) in L^L^, cj) in l^+L^+ with the 2+ 
being 2 + c(l — k) and 1+ defined accordingly. If we gain from ai for / € {1,2} (say 
I = 1), we will again fix (nij, Pj) and (n3, a^). To estimate Ssub, we control 01/' in 
L^+L^+ with 2+ being 2 + c(l - k), Dlz^ and Olz"* in L^L^, in l^+L^+, and Olz^ 
in L^^L^^ with 6— being 6 — c(l — k). Here, if (ni) > 2to, will be either w' or 
w' so that we can get the L^^ L^^ bound from the same arguments made before; 
otherwise (ni) < 2to, and we can use the X4 bound for ^Tlz^ to deduce the L^~L^~ 
bound with a gain of 2'^'^. This concludes the proof of Proposition 19. II □ 

Proposition 9.3. We have 

(9.18) E \\^'\\x,<T'+- 

je{3,4,4.5}j'e{l,2,5,7} 

Proof. Note that Aij involves a sum over the n/ and rrii variables. We shall first 
prove the bound for the terms where j = 4, or j = 3 and no ^ {ni,n2,n3}, or 
j = 4.5 and no ^ {ni, n2}. By p.Sp . we only need to bound this part of in Xq. 

Let the functions g and /, /' be as usual, with ||(7||x^ < 1. This would imply 

||(no)-^-°^^')(ao)^-°(^'n/')«o,ooll;^L^<l 

(we have done this kind of reduction many times before) . What we need to control 
is the same quantity S with j G {3,4,4.5} as in (|9.1ip and (|9.15p . and we assume 
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the maximal ni variable is ^ 2'' as usual. With a loss of 2'-'^'^^'^, we may assume 
that w' and v' verifies the good bounds appearing in the proof of Proposition 19. II 
Using Strichartz, we can deduce from the bound for /' as above the L^L^ n L'^L'^ 
bound for mf with a loss of 2<^(^'''. 

Now we will be able to bound the S expression in (|9.15p easily. In fact, if we 
gain from anything except ao: we can repeat the argument in the proof of (j9.3l) . 
but with the c(l — k) involved in various 2+ or 6— replaced by c (since we now 
have the control for VI f), and check that in these cases we always gain 

a power 2"'^, which will be enough to cover the loss 2'^^*^'^. If we gain from ao, this 
gain will be 2'^'^, with a loss of at most 2^'^^^'^, and we can bound the reduced 91/' 
factor in L'^^'^L'^^^, so this contribution will be acceptable. On the other hand, if 
we do not gain anything from any of the variables or weights, it must be the case 
that j — 4.5 and |S| ^ 2*. Since all the m variables as well as and are 
assumed to be -C 2t5, we then deduce that 

||7io|no - \ni\ni - |7i2bi2| < 2^. 

By repeating the argument in the proof of Proposition 19. 1[ we see that this can 
happen only if ni + n2 = 0, or no = f^i, or no — n2, but all these possibilities 
contradict our assumptions. 

Next, assume j = 3. Recall that X]?=o("'') ^ 2'', and that the S we need to 
estimate is bounded by 

\s\ < I \TfUZ\-x 

no=iii+«2+«3+nilH hniji ("^^ 

3 M 

1=1 i=l 

First assume that some of the a or /3 variables is at least 2^5. Then, by the 
same argument we made before (notice that the ni variables for 1 < Z < 3 corre- 
spond to the function w' or w' , which, up to a loss of 2'^'^*^'', verifies the estimate 
II (n;)" (ai)2+* w'\\i2i^2 < 1), we can gain a power 2'^'^ from the corresponding fac- 
tor, then fix the nn and (3i variables (and sum and integrate over them afterwards), 
produce the Ssub term, and estimate it by controUing 71 f in L^^L^^, J\f{w')'^' in 
^6-^6- ^[f^]^ 2+ and 6— being 2 + c and 6 — c respectively, and finally control cj) 
in 

Now let us assume that all a and /3 variables are ^ 2ot; we may assume that 
all rrii variables are <^ 2bo also. Thus, the variables (—no, ni, n2, ns) will verify the 
conditions in the following lemma. 

Lemma 9.4. Suppose four numbers no, • • • , na satisfy 

no + ni + n2 + = Ki, |no|no + |ni|ni 4- |n2|n2 -t- |n3|"-3 = K2, 
where Kj are constants such that 

|ifi|-f |if2|«2^, max(n0^2^ 

then one of the followings must hold. 

(i) Up to some permutation, we have uq + ni = n2 + '^■3 = 0. In particular, this 
can happen only if Ki — K2 — 0. 
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(ii) Up to some permutation, we have ng + ni — 0, (no) ^ 2'', and that (712) + 
(fis) <C 2to . Note that it is possible that (say) m + n2 = and no, n^ are small. 

(Hi) No two of ni add to zero. Under this restriction we must have {ni) > 2'^'^'^ 
for each I; moreover, if we fix Ki, K2 and any single ni, there will be at most < 2* 
choices for the quadruple {uq, tii, 712, ^3). 

Proof of Lemma \9.4\ Suppose some (ni) <C 2'^-^'' (say I = 0), then one of (n;) for 
1 < Z < 3 must also be ^ 2°-^'', since otherwise we would have 

llnilrti + \n2\n2 + Inslnsl ?J max (n/) • min (rt;) > 2^'^'^ 

while |noP < 2^ *^'', which is impossible. Now assume that (ni) ^ 2°-^'', then in 
particular (712 + ^3) ^ 2'^, thus n2n3 < as well as \n2 — n-i\ ^ 2'^. Suppose 
na + ni = k and n2 + «3 = I, wc will have |/c + ^| < c23o and 

2'^\l\ < 2°-^'^(fc) +2TO. 

Now if Z 7^ 0, this inequality cannot hold, since it would requir^ \k\ ^ |Z|, which 
implies (fc) < 2^, so that the right hand side will be at most 2(°-^+^/"'")'' and 
the left hand side is at least 2''. Therefore we must have 712 + na = 0. If also 
no + ni — 0, we will be in case (i); otherwise fc 7^ 0, so that we always have 
||7io|7io + I'T'il'T'ij ?J \no\ + 1^1 1, which then implies that (tiq) + («i) ^ 2*0 and we 
will be in case (ii). 

Now assume that (rt;) > 2°'^'^ for each I. By the discussion above, we cannot 
have any + ni — (unless we are in case (i)), so we will be in case (iii). Finally, 
suppose we fix Ki, K2 and hq. The requirement n^ + rii 7^ implies that each 
(ni) > 2^-^'^, so without loss of generality we may assume no > > ni. Now n2 
and 71,3 cannot have the same sign since \Ki\ < 2^5, thus we may assume 712 > 
and 7i3 < 0. Therefore we will have 

no + + 712 + n3 = Ki, 77q — nl + nl — nl ~ K2, 

which implies 

(n2 + ni)(n2 + n3) = ^{Kf - 2Kino + K2) . 

By our assumptions, the right hand side is a nonzero constant whose absolute value 
does not exceed 2^"^. The result now follows from the standard divisor estimate, 
since knowing n2 + ni and 77,2 +773 will allow us to recover the whole quadraple. □ 

Proceeding to the estimate of the Ai'^ term, we can see that the only possibility is 
case (iii) in Lemma 19.41 (since we have required 7io ^ {711, 712, 713}; also if ni +n2 = 
and no, n3 are small, we will gain a power 2'^'^ from the weight $ so we can argue 
as above to close the estimate). In this case we will use a completely different 
argument. 

Recall that up to a loss of 2'-'(^^)'^ we may assume that with small c, 

(9.19) \\{no)-'{ao)i-'^fl,^,<l; 



^Here we may assume that 2'' is larger than some constant (which is polynomial in /j) such 
that 2"'^'' <C 2'^, since the summation for small values of 2^* will be trivial. This comment also 
applies to some of the arguments below. 
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also by invoking the Xi norm of w wc obtain the estimate 

(9.20) \\{nir{c^i)^-'w'\\i,L^<^ 

with a loss of at most 2'^^*^^''. Since we now have 2^-^'^ ^ n-i < 2'^, we may remove 
the (no)"" and (n/)* factors in (|9.19l) and (|9.20p . and through this process we gain 
at least 2^-^*''. Therefore, by fixing rrii and Pi first, we will be able to get the desired 
result if we can prove the following inequality: 

(9.21) S,ub = E / nK^')»-"J •™^|^'7^| 

< 2O(^^)^r0+n||(a,)^-^A'||,,,,^„ 

1=0 

provided c is a small absolute constant, where the integral (T) is taken over the set 

(9.22) <^ (ao, • • • ,04) : ao = ai4 + \no\no - ^ + ^2 >, 
^ 1=1 ^ 

and we restrict to the region where no two of {—no, 711.712, 713) add to zero, '^i{ni) ~ 
2'^, the NR factor ||7io|7io - ELi I^'I^'I < 2to and \Ki\ + \K2\ < 23?;. 

We will use an interpolation argument to prove (|9.2ip : in fact, if will suffice to 
prove the estimate when we replace the parameter set (^ — c, 2 + c) with (|, 2) or 
(3, 4). When we have (|, 2) we will be able to control in L^+L'^^ for each I, so 
that we can control the factor in l^^L^^, and invoke the argument used many 
times before to conclude. When we have (3,4), assuming the norm of each is 
one, we will get that 

||(az + \ni\ni){{A%Xi^i)h^ < + \m\mf{{A%X 

with 

(9.23) lKll/*<ll(a; + |n,|7i/)3^'||,,£. <1. 

Therefore when we fix (710, • ■ ■ , n^) and integrate over (ao, • ■ ■ , a^), we get 

. , 3 , -l+s^ 3 

''^'^ ^ 1=1 ' 1=0 

3 4 

X l[{ai + |7iz|7i,)|((A')„J^(aO| -Hda/ 
;=o /=! 

/ 3 1 -i+s^ 3 

^ 1=1 ' 1=0 

We then sum this over (71/); by Holder, we only need to bound the sum 

(no,-,n3) ^ 1=1 ' 

If we fix |no|7io — V^iV'-i — ^3 with \K^\ <^ 2^) , the corresponding sum will 

be < 2'^'^'*^-''', since each no appears at most this many times due to Lemma [ 
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also the sum over will contribute at most V ^ d {K^ — K2) ^^"^ = 2'-'('*^)'^. 
This completes the proof for M.^. 

What remains is when j E {3,4.5} and (say) uq — ni. Note that the case when 
three of ni are related by m will be treated at the end of the proof. In both cases we 
will use the expressions (jO.lip and (|9.15l) . but with /' with /, and (w')"^ replaced 
by (if j = 3), replaced by (if j — 4.5). This is easily justified by 

definition and the fact that no = rii. We will assume X)i>2("'') ^ ' then fix 
d and d' . Here we will use a new bound for /. Recall from Proposition 13.41 that 
hWx'. < 1 for some j G {1, 2, 5, 7} implies < 1, or equivalently 

(9.24) 11/11^,^,. <2^'^T,, 
where the Td is such that 

(9.25) I^T^d^l- 

In the easier case j = 4.5, we will be able to fix rrii and Pi, then estimate Ssub 
by (note we have all the restrictions made above, say (no) ~ 2^*) 



Ssub < Y] (("-3) + (»^4)) ^ / \fn 

J{T) 



I {y )no,Ql I W I (^ )ni,ai \ ' l^as 



1=2 



< T°+ (("3) + (rM))"'x 

no;"2+"3+n4=ci 

4 

^ II /no Hi? II (y^)"o 11^1 II (^')ni 11^1 



1=2 



l\\ ^ 



(9.26) < T°+2^^Td-2-^''-\\z^^,^,l[\\{ni)-^z 

1=3 

using (|9.24p for /, X2 bound for , and slightly weaker bounds for z' that follows 
from Proposition 18.91 Here Cj are constants, and the integral (T) is taken over the 
set 

(9.27) < (do, • • • ,a5) : ao = ai5 - ^ \ni\ni + C2 
^ 1=2 

The reason we can gain 2'^'^'^ is that, in (|9.26p we can restrict some n/, where 
2 < / < 4, to be 2'' before using the corresponding control for z' (for example, 
when 712 ^ 2*^ we will have ||z^||;3 ^1 < 2^'^"'^ ). If we then sum over m^, 

integrate over /3i, and sum over d, d', we will get the desired estimate. 

In the harder case j = 3, we will assume (m^) + (/3i) <C 2ro. In fact, if this does 
not hold, we will gain a power 2'^'^ from this term and estimate the Ssub as above, 
except that we estimate (w')"^ and (u;')"^ in PL^ with a loss of 2'-"^'^^'^ (note in 
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particular we estimate / and (w")"^ exactly as above, so we do not gain or lose any 
power of 2*^), to conclude. In the same way, we may assume (a4) <C 2^ in (j9.1ip . 
Now if n2 + = 0, we must have \^\ < 2^'''^'^ L Alsc0 we may replace z'^ and 
in ()9.1ip with and (in the same way we replace /' and {w')'^^ with / and 
(w")'^^ • note that we have not made any restrictions for 02 and a^). Then we may 
fix rrii and l3i (here the m variables satisfy some linear relation which we ignore) 
and bound Ssub by 

Ssu, < 2-l''-^'l J2 f I/, 

X 



'QO=QlH hQ4 + C2 

— n2,a3 



X runL,ii(y2)„,||^j(y3)_„^||^^ 

llw"ll 



< T"+2-l'^-'''l||/||,„, ,J|w"||,„ X 



^2^ ^2« 

where Cj are constants, and we are restricting to hq ^ 2'', n2 ~ S'' . Then we may 
sum and integrate over (m^, and sum over d, d! to bound this part by T^^ . 

Now assume j = 3, n2 + ris 7^ 0, and all the restrictions made before hold. In 
particular we have n2 ~ na ~ 2'' and > 2^^ where S' = |n2|n2 + Inajna (again 
we may assume 2'^ is large, otherwise we proceed as before). Fixing rm and we 
then need to bound 

Ssub = / ^ / |/no,Qo| ' [((^^ ) "')no>ctl| ' | )n2,a2| ' | )ci— n2,ct3| ' l'/'a4li 

where ci — n2 = ^^3, the integral (T) is over the set 

(9.28) {(ao, • ■ ■ ,04) : ao = ai4 - S' + C2}, 

and Cj ^ 2to are constants. Also each /lere is either w' or w'. Now, by Propo- 
sition |331 we can show that Ijgllx' ^ 1 for some j G {1, 2, 5, 7} implies 

(9.29) \\f\\xi„ = \\{nor'{o^o)hl. ^.-^p' < 1- 

For the w" we will use the Xj bound, and for we will simply use the Xi bound. 
Now, since at least one ai must be > 2^^ , we will gain some 2'^'^ from the (ai) 
weight in one of the above bounds. If Z = 0, we can then estimate / in P L'^ by 
2'''^Td, w" in FL^ by 2"''^ (recaU we are restricting to m ^ 2'* and n2 ^2'^'), and 
z^'^ in f'L^ with a loss of 2'~'^^^'^ , so that we can use Holder to conclude. If Z = 1, 
we simply replace the VL^ bound by the l^L^ bound and argue as in the case / = 0. 
If / G {2,3}, we may replace the PL^ bound for by the l^L"^ bound and argue 



^Since j = 3, we are actually replacing (ui')"' with (lo")'^' for / G {2, 3}; the fact that 2' comes 
from w" will be used later in the estimates. 
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as in the case / = 0. If / = 4 we simply gain from the factor. This completes the 
proof for the no — ni case. 

Finally, assume that j = 3, and three of ni are related by m. We may assume 
that (mi) ^ 2oo ^ so that ni ~ 2'' for each I. Then we fix nii and /?,;, so that ni are 
uniquely determined by ng. The corresponding Ssub will be bounded by 

T"+\\r\y ^L4^'\y ^LAl^'y <T°+2-^^ 

r^2^ ^2"^ 

due to a similar computation as in the proof of Proposition l9.1l □ 

Now we start to consider the term. Fixing the functions g,f,f' and the 
scale d as before, we need to bound the expression 

(9.30) S = J2 / 'J''-/"o,aon(y"')"'^"< X 

— J (T^ 

no="l+»2+miH hm,, ^ ' 1 = 1 

X (xe'(^"i+^"^-^"o))^(a4)n 

Here the integration (T) is over the set 

{(ao, ■ ■ • ,a4, /3i, • • • ,/3p) : ao = ai4 + /^i^^ + S}i 
where the NR factor 

2 At 

(9.31) S = |no|no - ^ - ^ |m^|TOi. 

/=1 i=l 

Note that we may insert x since / has compact time support. Suppose the minimum 
of (ni) is ~ 2^ and also fix h, then we have (m;) <C 2'*, so that |S| > 2''+''; also 
we have h < d + 0{1) and |<i>^| < 2^*. Note that one of a or /3 variables must be 
> 2d+h.^ gj.g|. ^j-ga,t the easy cases, which we collect in the following proposition. 

Proposition 9.5. Let S be defined in h9.30\) . where all the restrictions made above 
are assumed. Then if we have h < 0.9d, or 

(9.32) (ao) + (as) + («4) + (("^') + (/^^)) > 2^ ' 



i=l 



the corresponding contribution will be bounded by 



)d 



Proof. First assume h > 0.9d. If f3i > 2'*+'* for some i, we may use the X4 bound 
for (d^)^'^ u'" to gain a power 2''-^^('^+'') and then estimate this {u'")^. /}. factor in 
L^L^. Next we may bound 

(9.33) I {xe'(^^"^+^"--^"oY{a4)\ < r'^ia^y' 

by Lemma 18.61 and Proposition 18. 7[ estimate the right hand side (again, viewed as 
a function of space-time supported at n — 0) as well as the (fia^ factor in l^^ L^^ . 
We then fix {mj,l3j) for j 7^ i to produce an Ssub involving (u'")™^,^;, which we 
estimate by controlling OT/ in L^~L^~, ^Tty"' in L^+L^+ (using the Xi bound for 
y and the norm for / deduced from the Xq' bound for g; here the 6— and 6+ are 
6 + 0(5)). In this process we lose at most 2'^'^'*^'^, but the gain 2'^-^^('^+'') (even after 
canceling the 2^ loss coming from the weight) will allow us to cancel the $2 
factor and still gain 2'^'^. 
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Next, suppose (as) > 2'*+''. By using ()9.33p and losing a harmless 2'-''^^^'^ factor, 
the argument for a4 can be done in the same way. Let Cj be constants (or functions 
of rii), and recall we are restricting to '^i{ni) ^ 2"^, we may fix rrii and Pi, and 
bound the Ssub term by 



h ^ 



2 



/«o,ao| lillJ^ («3)0.9(^^) 



1=1 



TnO+o-cdll/ \-0.2_fll 11/ \-0.2 II 11/ \-0.2 || 

^ 12 (rin) / 3 (rii) y\\ 3 , (n?) v\\ 3 , 

Thus this term is also acceptable. 

Next, assume that (ai) > 2*^+'' (the a2 case is proved in the same way), and that 
one of Q!o, a^, 04, TOj or is > 2'^. We then use (j9.33p to bound the exponential 
factor and fix {mi,(3i). To estimate the resulting Ssub, we use the (ai)'' factor in 
the Xi bound for y to cancel the <i>^ factor which is at most 2^ and bound the 
resulting i/"^ factor in L^L^, then bound Ulf and Vly'^'^ in _L'*+L*+, and bound the 
factors involving and 014 in Z^+L^+, where 4+ some 4 + c. In this process we 
may lose 2'^('')'^, but since another a; or [nii, is > 2 50^ we will be able to gain 
2cd fj.Q^j |^]-^jg factor (since the L'*+L'*+ Strichartz estimate allows for some room), 
we will find this term acceptable. 

The only remaining case is when (ao) > 2'*+''. By basically the same argument 
as above, we may assume that the other ai and (m^, fii) are all ^ 29o . Also recall 
that two of n/(0 < / < 2) are ^ 2'^ and the third is '-^ 2''. Now we may use the 
bound (|9.33p . then fix (03,04) and all (mi,/3j) to produce 



(9.34) < 2(^-^)''-(i-^)'^ I 



A Vi C 

,ao -'--^ni ,qi ^n2 ,a2 5 



rio=ni+n2+ci " ao=ai+a2+='+C2 

where Cj ^ 2t5 are constants, the factor 

(9.35) S' = |no|no - |ni|ni - |n2|n2, 

and the relevant functions are defined by 

Bn,.^, = (ni)1(y"0m,aj; C„„„, = (n2)1(y"=)„„aj. 

Also note that when we sum over m^, integrate over /3i and (as, 04), we will gain 
T°+ and lose at most 20("')''. 

Now we estimate Ssub- If llsllx' < 1 for some m e {1,2}, by using Proposition 
13.41 we mav assumePl that || (an) f || y < 1 for some j G {1, 2}. If||g||x' < 1 for some 



^Note that in proving ||fit||xi J; ll^llwi + ll*'llvi'2 with il^^llvVj = 
break S into two linear operators that are bounded from each Wj to X\ separately. Therefore, 
when g g X\, we can write E' g = / as a sum of two functions, each bounded in one Wj. The 
same applies for X2, and X-j norms. 
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m e {5, 7}, since we may insert a factor to fno,ao with E = {no ~ 2*^ , > 2*^ } 
with d' E {d,h}, we can use (13.231) and again assume ||(ao)/||x'. ^ 1 for some 

j G {1, 2}. Next, notice that \ao — E'\ < 2tE) , so ao is also restricted to some set of 
measure 0{2^^^'^) for each fixed uq. Since ao is restricted to be > 2^-^'' and no < 2'^, 
we will have 

ll(ao)/IU; < 20(^)'^||(ao>"-Vlli^L^ <2(°(^)+"-'^^'1|(ao)"-Vlh^L== 
< 2("-™xi.9)^i||(^Q)/||,,^^ <2-'^||(ao)/|U^, 
thus we may furthermore assume j = 1. 

Now, using this bound for / and the Xi bound for y, we deduce that 

\\Mi.'L^ + \\{ai)'B\\i.L^ + \\{a2)''C\\i.L^ < 20(^')'^. 

Let us define 

B„i = ||(ai + |ni|"i)''-B„i(aI)||^2 

and C„3 similarly, so that ||B||;p + ||C||/p < 2*^'^" then we will have the estimate 

II (ao - S' - C2)^''"^(S„i * C„2)(ao - |no|no - C2)||^2 ^ B„iC„2, 

which, after taking Fourier transform, follows from the standard one dimensional 
inequality ||/5||^26-i ^ Il/ll_f/''ll3ll//''- Now we will be able to control Ssub by 



Ssub<2^i'Y^ ^ (-Bni * C„2)(ao - |no|no - C2) 



no ni+ri2=no — ci 



where X = {b — s)h + (6 — 1 + 0(s^))c?, and the square of the inner norm is 
bounded by 

J' 



/ y2 (-Brii * C„2)(ao - |no|no - C2) 

^ ni+n2=no— ci 



dao 



< 



J2 (ao-S'-C2)i-*Mdao X 

ni+n2=no~Ci ' 

^ (ao - S' - C2)^''"^|(S„^ * C„2)(ao - |no|no - C2) 



ni+n2=no — ci 



< 



sup 



E 



(ao-S'-C2)i-'*'' 



ni+n2=no— ci 



< 



sup 



/ (ao - ^' - C2)^'' ^|(i3„i * C„,)(ao - |no|no - C2)|^dao 

„_ Jk 



ni+n2=no — ci 



\46-l 



ni+n2=no — ci 



^ (ao - ^' - C2 

- ni+n2=no— ci 

Next we claim that for fixed uq and ao we have 

(9.36) («o-S'-C2>-t <1. 

ni+n2=no — ci 

In fact, if nin2 < 0, then ao — S' — C2 is a linear expression in ni with leading 
coefficient k — ±(no — ci)/2 > 2°-^'^ (we assume d is large enough), so any two 
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summands in (|9.36|) differ by at least k, while there are < 2'' summands. The sum 
is thus bounded by 

(9.37) l + < l + < 1. 

h=l 

If nin2 > 0, then ao — S' — C2 equals ±^(ni — 71-2)^ plus a constant, so similarly we 
only need to prove 

^(a-fc2)-| < 1 

fcez 

for each a, but this is again easily proved by separating the cases (fc)^ < (a) and 
otherwise, and applying elementary inequalities. 

Now we are able to bound 



2 \ p 



"rii ^)i2 

no ^rii+n2=no — ci 



no ni4-?T'2— ^^o^-c 

< 2^+(^-?)''|lB||,p|lC 



where we notice that 



< (26-l)d+ Q-s-i + 0Gs2)^d, 

and this is < — c(l/2 — h)d by (II. 3p . We may then sum and integrate over the 
previously fixed variables to get a desirable estimate for S. 

Finally, suppose h < 0.9d. Since at least one ai or f3i will be > 2'^+'', we may 
repeat the arguments above; using the inequality 2''^'^+''^ > 2"'^+^ that holds for 
h < 0.9d, we will be able to gain an additional power of 2^*^ after canceling the 
<I>^ weight, which will allow us to close the estimate as above. This completes the 
proof. □ 

What remains to be bounded, denoted by , is actually the same summation- 
integration as S, but restricted to the region h > 0.9d and with the additional 
factor 1e, where 

E = {(ao> V (as) V (04) V (m,) V (/?,) < 2^, Vi}, 

with a V meaning max{a, b}. Now let Ei — { (a;) <C 2^ } for / e {1,2}, we have 

(9.38) 1_E = l_EnBi + l£;n_E2 + Ifi-lBiUfia)- 

By symmetry, we need to bound S^'~'^^ and 5^-(^iu£2) (.^^^ose meaning is obvi- 
ous). In the latter case, we may assume that ai > 2''+'', and also a2 > 25o, so we 
can estimate this part in the same was as in the proof of Proposition 19.51 
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+ 



It remains to bound S^^'^^ . hei E C\ Ei = F, using p.l4p and (|8.12p we may 
compute 

(f(l[-T,T]AA^r^)n..a. 

i6{3,3.5,4,4-5} 

"2 ,a2 n2,C(2 ■ 

ie{0,3,3.5,4,4.5} 

Here we denote = x{t)e^^'""w{0), and 

X(a2 - 72)£(72 - 7i), 



(9.39) 



(>C^)„2 



= Cl 



(^^)"2,a2 = C2X(a2) 



72 

X(72 - 7i) 

72 



-Ins .71 d7id72; 



2^n2.7i d7id72, 



where I = (1[_t,t]A/''^(j/, j/))"^^ . Interpreting the singular integral as a principal 
value, we may compute that 



X(72 - 71 ) 



72 



Xia2 - 72)x(72 -7i) 

72 



dj2 



d72 



< 



< 



(7i>' 



1 



x(q^2 - 72)x(72 - 71 ) 

72 



d72 



((a2) + (7i))(a2 - 7i) 
1 



< 



((a2) + (71))^ ("2 - 71) 



where the third inequality can be proved by integrating by parts in 72. Now, to treat 
the first three terms in (|9.39p . we may use Proposition 19. 1[ the easy observation 
that 



II < 



In) 20 



(«;(0)). 



< 1, 



II (712)^50 (a2)«(X"), 

together with the following 

Proposition 9.6. // we consider the sum HQ. 30]) with the factor Ip, and re- 
placed by some function ^ verifying 

(9.40) II (712)-* (a2)"C«2,a2 11,2^2 < 1, 

then this contribution can be bounded by T*'^ . 

Proof. Since in F we will have (0:2) > 2''+'*, we can gain a power 2°-^^^(''+'') from 
the (02)'^ factor in the bound for (. After exploiting this, we may then estimate C in 
L'^L'^ with a loss 2(2T)+o(«))'i. rj,^^^^ 

we fix {mi, Pi) as usual, and use the inequality 
(|9.33p to bound the factor involving 04. To bound the resulting Ssub term, we 
estimate ( in L'^L^, 91/ and *Tty in (where 4+ equals 4 + c) with a loss of 

20{s)d^ the Q!3 and 0:4 factors in l^^L^^ . Note that here we will gain a power r°+, 
and the total power of 2'* we may lose is at most 2(i-i+'-'(''))'', which is smaller than 
the gain 2°-^^^('*+''). Then we sum over and integrate over j3i to conclude. □ 

Next consider the contribution of . Since we are in F (thus a2 > 2''), the 
gain from x{^2) will overwhelm any possible loss in terms of 2"^. Therefore we may 
even fix all the n, m and /3 variables and estimate the integral in a variables and 71 
only; but we can easily estimate this integral by controlling all the factors except 
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(71)^^ I^n2,7i I (since the expression now has a convolution structure in the 

a variables), and estimate the (71)"^ |2^n2-7i I factor in i^. This last estimate is due 
to (the proof of ) Proposition 19. 11 which implies 

ll(7i)"%.,7JU^ < \\{lir-'lr..nA\L^ < 2°«'. 

It then remains to bound the contribution. After integrating over 72, we may 
rename the variable 02 — 71 as 72, and reduce to estimating (up to a constant) 

no=ni+n2+miH hm,! C^-* 

^ l„.lll\ 
i—1 

where 77 is some function bounded by 



1^(71,72)1 < , , 1 ; \d^iv{iin2)\ < 



(71) (72)= (71)^(72) = 

and the integral (T) is taken over the set 

{(ao,ai, a3,Q!4, • • • ,^^^,71,72) : ao = ai + 034 + + 712 + S}, 

with the NR factor is as in (|9.3ip . Clearly we may also assume (72) ^ 255 and 
add this restriction into F (or we simply gain a large power of 2'^ and proceed as 
above); after doing this we will have F C {(71) ^ 2''+''}. 

Next, note that J\f'^{y,y) — J\f^(lj,y), where Af^ is another bilinear form that 
differ from A/"^ only in the $^ weights; moreover, the $ weight for A/"^ will verify all 
the bounds we have for the $ weight for Af^ . Thus we only need to bound the above 
expression withln^^^j replaced by (1[_t T]A/'^(y'^^ , 2/"^))„2,7i . Clearly we may also 
fix the parameters /i' and w' in Af^, ^ and reduce to estimating 



5' - E / <f'm-7z:zx 

-nei-\-m^ H hm. 



no— ni+ns+ne+miH \-rn 



X 



i6{l,5,6} 1=1 

X / W7i,72)-(xe'(^-+^--^"o))^(a4)x 

X (xe'(^-+^--^-V(a8), 
where v — fj, + n' , the integral (T) is taken over the set 

{{ao,ai,a3,a5,ae,a7,a9,l3i, ■ ■ ■ 72) : 
ao = ai + as + agy + ag + fii^ + 72 + S'}, 
with the new NR factor 

"E! = |no|no - |"i|«i - |n5|"5 - |"'6|«6 - ^ |mj|mj. 
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The $^ and (<I'^)' are functions of the n and m variables that are bounded by 
min;g{o.i,2} ('T'i) smd niin;g{2.5,6} ('^i) respectively. The other implicit variables are 
n2 = n5+nQ + m^+i,^ and 

7l = "0 - - "34 - - 72 - S = Q!58 + P^+l^u + (S' - S), 

where S is the same as in (|9.3ip . Also recall from the definition of M"^ that 7^ ni 
and ns + ng 7^ 0. 

Next, let niax{(n2), (j^s), ("-e)} ~ so that d! > h > 0.9c?, and fix d! also. In 
the expression for S' , we may assume 

(9.41) (m,) + (/3,) + {a.j) < 2^ 

for all + 1 < « < and j £ {5, 6, 7, 9} (note we already have this for 1 < z < /i 
and j £ {0, 1, 3} due to the factor Ip)- In fact, if any one of these does not hold, 
we may bound I77I < 2-('^+'') (72)"^° and |$2($2y| < 2d+h ^^lat the weight is 
cancelled by the part of the rj factor), then use (|9.33p to bound the 04 and as 
factors by (04)"^ and {as)~^ respectively with a loss 2'^''^ ^'^ . Then we fix {nii^fHi) 
to produce and estimate it by bounding the 72 and ai factors for I £ {3, 4, 7, 8} 
in l^~^L^~^, and bounding the 91/ and Vty factors in L'*+L^+ (with 4+ being 4 + c). 
Note that in the whole process we lose at most 2'^^^)'^ ; but by our assumptions 
at least one {mi,f3i) or a; must be > 2^, so we will be able to gain some 2'^'^ 
power from the corresponding factor (again using the room available for 
Strichartz estimate) to complete the estimate. 

Now we may assume all the variables mentioned above are small. This in partic- 
ular implies that |S'| <C 2 To. By Lemma [9.41 (combined with the restrictions made 
above, such as ft, > 0.9d), we can conclude that either (i) uq — and ni + ng = 
(or with 5 and 6 switched); or (ii) no two of (— no, ni, ns, ng) add to zero, and 
(rii) > 2°-^'^ for I £ {0, 1, 5,6}. In case (ii), we have in particular 

(9.42) {n,r{n5r{ner>2'-'^^{nor, 

thus we may gain a power 2'^"'^ from the (n;) weights (after canceling $2^<j)2y 
the 77 factor) if we use the X2 bound for y and the bound for / deduced from the X'g 
bound for g. Then we simply bound the and as factors using (|9.33p with 2*-^^^ 
loss, take absolute value of everything, then fix rrii and Pi to produce a term Ssub 
that has basically the same form as the left hand side of (I9.2ip . with possibly some 
additional loss of 2'-'(*^)'', and with the min{T, (a4)~^} factor in (|9.2ip replaced by 
r*'+(a4)~^+* , which is due to the estimate 

/ min{T,(a3)-'}-(72)-'*' H T°+(aio)-^+^'. 

We can then repeat the proof of (|9.2ip to conclude (notice that every variable is 
now < 20(1)'*'). 

Now we consider case (i), so that d' — d. We will first replace the 77(71, 72) factor 
appearing in the expression of S' by 7/(7^, 72), where 7^ = 71 — as- Note that 7^ 
depends on 04 only through ag — a4 + as- When we estimate the difference caused 
by this substitution, since we still have the restriction Ip, we will have 71 ~ 2'*+'', 
so we will gain a power 2^'^''+'')~w , which is more than enough to cancel $^($^)', 
thus this part will be acceptable. We also note that the assumption ()9.4ip allows us 
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to insert another characteristic function which depends on ai only through ag; the 
presence of this function (as well as the part of li^ independent of 04) will allow us 
to conclude (7J) ~ 2'*+''. Therefore, if we remove the part in Ip depending on a4, 
the error we create will be a summation- integration of the type S' , but restricted 
to some set on which we have |?7| < 2^'''+''^ (72)^^" (note that here we already have 
vil'ijl^) instead of 77(71,72)), as well as (a4) > 29o. Then we will be able to take 
absolute values, cancel ^^^cfi^y by the rj factor, and gain a power 2'^'^ from the 
assumption about a4, and proceed exactly as above. 

After we have made the above substitutions, the integral with respect to (or 
as) will be exactly 

(xe'(^-+^--'^"«))^a4)(xe'(^"o-A„i-A„,))A^^^ _ ^ 

Then we will get rid of this integration, then take absolute values, fix (mi, Pi) (again 
we ignore the restriction that the rui must add to zero) to obtain an expression 

Ssub ^ ^ / 2'^'^ \ f na. ao\ ■ | (?/"' )"!,"; | ^ 

X n nrin|r,^|.2--''(ag)--(7: 

"0,11 iG{l,5,6} 



2 



where Cj are constants, = uq, hq = — tt-i, the summation is restricted to the set 

{(no,ni) : max{(no), (ni) 2"^, min{(no), (ni), (no - ni)} 2'*}, 
and the integration (T) is taken over the set 

{{ao, ai, as, a5,ae,a7, 09,^2) : ao = ai + as + "57 + "9+72 +C2}; 
note that the restriction we make here is enough to guarantee that 

\v\<2-^'+'Hj2)-''. 

Now, if we restrict to uq ^ 2'^ and ni ~ 2'' , then up to an additive constant 
they are between h and d, and the restricted Ssuh is bounded by 2~l''~''lT(i" due 
to ()9.24p . We may sum over d and h for fixed d!' and d!" to obtain a bound 
2-\d -d Ij"^,,^ then sum over d" and d'" to conclude. 

10. The a priori estimate III: A special term 

In this section we prove the following proposition, with which we will be able to 
close the proof of Proposition 18.51 

Proposition 10.1. We have 

(10.1) w^'-'Wx, <T°+. 

je{l,2,5,7} 
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Proof. Define the functions g, f and /', and fix tlie scale 2'^ as usual. Note in 
particular that < 1, so that 

(10.2) ||(no)-'^(ao)^-°^^'V'|L.i. <1. 

Now, according to a computation similar to those did before (for example, in proof 
of Propositions 19. Il and 1^75]) . we can write the expression S we need to bound in 
two waysQ: 



(10.3) S = I ^''-if') 



no=ni+n2+na+mi-\ i-m^ 



(T) 



^ („,lll\ 



1=2 1=1 



(10.4)5 = >^ / <i>^-^-/„„,c.o((^«")"Oni.a, X 

/(T) 



no=ni+n2+n3+miH hm^ 



X n(2/%.<^. •'^".(xe'(^"^+^-+^--^-r(«5)n^^^^- 

1=2 i=l 

Here the integration (T) in (|10.3p is the integration over the set 

(10.5) {(ao, • • • ,a4,/3i, • • • • = ai4 + /3i;j + S}, 
while the integration (T) in (|10.4p is over the set 

(10.6) {(ao, • • • ,a5,/3i, • • • , /3^) : ao = ai5 + /3i^ + S}, 
where the NR factor 

3 At 

(10.7) S = |no|no - ^ - ^ |m^|TOi. 

/=1 i=l 

Also each or z' equals u', v' or and or equals u" , v" or w". 
First we treat the case when 

(10.8) mm(ni)>2^. 

In this situation, n2 and must have opposite sign (note that here we are again 
assuming 2*^ is large enough). By symmetry, we may assume n2 > and < 0; 
also note that uq > 0. 

Next, we may assume that (m^) + (Pi) + (a^) <^ 2w for all i, since otherwise we 
will be able to gain a power 2'^'^ from the corresponding factor alone, and estimate 
the expression (fT03| by controlling 91/' in L'^+L'^+, ^w' in L'^+L'^+, Olz' in L^/^e 
and (j) in with a loss of at most 2^"+'^'^^-'^'*. Notice that the loss from the 

(rto)^'* factor in ()10.2p is at most 2"'', while the loss from other places is at most 
20(e)rf^ In the same way, we will also be done if (mi) > 2^ '^^'^ for some i, or when 
[■^-l ^ 2'^^+^ "^*)''. In fact, in the former case we invoke the norm for {dx)~^ u'" 
to gain a power of 2(^+'^)'"* to cancel the 2^"* loss, then fix mj and /3j for j ^ i to 
produce Ssub, which is estimated by controlling Ttf in L'^L'^, 9lw', D^z' and Olu'" 



^Note that from the arguments made before, we can switch between these two expressions even 
if we fix the ni, nii, /3i or 04 variables. Also we may insert x since / has compact time support. 
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in L^L^, (j) in some with a loss of at most 2'^'^'^^''. In the latter case at 

least one of ai must be > 2(i+i oi")'*. If / e {0, 1}, we could gain 2 from the 
corresponding factor and proceed as above (since 2^'^ gain will overwhelm any loss). 
If / G {2, 3} (say Z = 2), we invoke the norm for z^; notice that 1 — k = s^, we 
will gain at least 2^ ™^*'' from and estimate the reduced function in PV^ . This 
will cancel the 2*'' loss from /' and we can fix all rrii and then bound 5sufcby 
controlling *Tt/' in , in _L^+L^+ (where 6— and 6+ differ from 6 by cs^ 

with appropriately chosen c), *Ttz^ in L^l? , '•Siz^ in L^L^, in Z^+L^+ with a loss 
of at most 20(')'i. 

Now, we have (mj) < I'^-'^sd j^j ^ 2(i+i oi«)'*. Since no,n2 > > 713 and 
(ni) > 2~, we can easily see that n\ > 0, which implies 

(10.9) \nl ^nl-nl+nl\^ 2^'+'-°''^'' . 

Note that 1 712 + 713! ^ 2^ (otherwise we gain 2'^'' from the weight and everything will 
again be easy; also this will imply uq ni), we write n2 + na = fc and hq — ni = I 
so that I — k — 0(2^-^*'^). We deduce from ()10.9p and elementary algebra that 

(10.10) • \no + ~ + < 2^^+^-^'^'', 

which implies that max{(n2), (7^3)} ~ 2"^. Since we will be done we we gain 2^^+'^'*'' 
from the weight, we may then assume |n2 + naj > 2(i~i ''i'*)''. 

Next, we claim that we may assume |no — n2| + |ni + naj ^ 2^ '^'^'^. In fact, the 
difference between no — 712 and rti + is already 0(2} '^"'^), so if one of them is 
> 21-9'"*, the factor tiq + ni - + in ()10.10|) will be at least 2^-^'"^ also. This 
would force A: to be <C 2(^^'^-^*^''. Note that max{(n2), (na)} ~ 2'^, we will gain 
20.7sd fj-Qjjj |;]^g weight Therefore, we will still be able to close the estimate 

if we can gain more than 2° '^'"* elsewhere, for example, when |S| > 2(^+° '^^^)'' 
or when {nii) > 2°-'**'* for some i. If we assume further that |S| ^ 2^^'^^-^^'^'>'^ and 
(mi) <C 2°-4'"^, then (|10.10p will hold with the right hand side replaced by 2(i+""«)'*. 
This would then force < 2'^^"^-^^^'^ , which is impossible since we have already 
had \k\ > 2(i-i-0i«)'^. 

Note that all the restrictions made above concerns only the ni, mi, fii and Q!4 
variables, so to this point we still have the freedom of choosing (|10.3p or (|10.4p . After 
making these restrictions, we will now choose (|10.4p and analyze the exponential 
factor first. Note that 

(10.11) ||(<5„, + + - KTWl^ < 
by Proposition 18.71 we deduce from Lemma 18.61 that 

(10.12) ||(«5)J(„)(a5)|L. <2-* 
for all 1 < /i < 00 with 

(10.13) J(„)(a5) = {x{t) ■ (eHA,H+A..+A„3-A„„) „ i))A(„^). 

This implies, by a similar argument as in the proof of Proposition 18. 9[ we deduce 
that (where, of course, the supreme is taken over {n) such that '^i{n,i) ^ 2'') 

(10.14) / sup |J(„)(a5)|da5 <2-f 

JR no,--- ,n3 
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Therefore, if we replace in (|10.4|) the exponential factor by J(„) , we will be able to 
first fix as and then integrate over it, and gain a power 2'^'* from this process. Once 
as is fixed and the J(„) factor is removed with a T^'^ gain, we will be in the same 
situation as considered before. We can then fix rrn and /3i to produce Ssuh, and 
estimate it by controlling 0^/ in l?"^!?^ , ^Ttw" and in L^L^, in Zi+Li+ with 
a loss 2'^(")''. 

Now we may replace the exponential factor in (jl0.4p by x(as). We can actu- 
ally get rid of this factor since / and /' is supposed to have compact i support. 
Therefore, we are reduced to estimate 

(10.15) S ^ / ■'J^'-'l-l/^l X 

3 M 

X i(Kr^)„„a,inK2^')"-"j-i'^-in 

1=1 1=1 

where the integral (T) is taken over the set (110. 5p . Starting from this point we will 
no longer use the equivalence of (|10.3I) and (|10.4p . so we will assume here that each 
(a;) ^ 2(i+i '^i*)'', since otherwise we may proceed as above (note that the bounds 
for /, w" and y' are better than those for /', w' and z'). For the same reason, we 
may assume (ao) + (ai) <C 2oto (otherwise we may gain 2'^'', then control in 
L2+L2+, W in L^-L^-, my^ in L^L^ and in l^+L^+ with 2+ and 6- being 
2 + c and 6 — c respectively). 

To estimate (110. ISp . we recall the bound ()9.24p in the proof of Proposition 19.31 
Suppose that uq ^ n2 ^ 2'^ and ni ~ 713 ~ 2^* (note that |no — ans \ni + nsj 
are small), then we have max{d', d"} ~ d + 0(1), as well as 

(10.16) |^3.5| < 2-|<i'-<i"|, 

Here, instead of fixing d, we will fix all of d,d',d", then sum over d' and d" . By 
()10.16|) . we may assume 

min{d',d"} > (1 - 1.01s)d, 

so in particular d' ^ d" ^ d. Once we fix (n^) ^ 2^ , we can invoke the Xg, norm 
of to write (now restricted to frequency ^2'^ ) as a sum 

(10.17) y' = J2j^n,^yU), l^^l ^ 1' 

j j 

such that lly'--'-' ||l"j/2 < 1 for each j. See Section [521 We only need to consider a 
single j; namely we need to bound S provided y^ — (k)^'^ T^ky" , where y" is some 
function verifying ||?/"||l<j;2 < 1. Next, if (fc) > 2^5, we will gain a power 2'^'^ 
from the coefficient in y^; we then fix m.^ and To estimate the resulting Ssubi 
we can control 0^/ in L^+L^+, DTw" and ^ly^ in L^L^ and (j) in l^+L^+ with a loss 
of at most 2'^^'^'^'^ (where the 6+ is 6 + cs and 1+ defined accordingly; also note 
that we have assumed (ao) < 2^^*, as well as the bound for / deduced from the Xg 
bound for g). We can then close the estimate if we can control y" (and hence TTfcy") 
in PL?'. This can be achieved by inserting a x(t) factor to every term in (|10.17p . 
which, while doing nothing to the equality and the L'^P norms, allows us to control 
the L'^P norm by the L'Z^ norm. Thus here we also get the desired estimate. 



(^"Om.,ft 

rrii 
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We now assume (fc) <C 2^. We will fix k and each (rni,j3i) to obtain some 
constants Ki ^ 2^-^*'* and K2 <C 2^ , and produce 

id'-d"\c _ ^-\d'-d"\ f 17 1 

no=ni+Ti2+n3+-R'i 
X \{{w"Y^)n^^at \ ■ |(y^)n2,a2| ' \{'^ky") 713,03] ' I'/'ail: 

where the integral (T) is taken over the set 

(10.18) <^ (ao, • • • ,a4) : ao = "14 + |no|no - ^ + ^2 k 

with all the restrictions made above taking effect. Now if no — n2 G {0, — k}, 
we can bound Ssub by 

X ||((y')n„+co)1LJ|((y"k+c.r" 



"II 

F Li 11^"" ^ 11/2 ,„ii||i' 11(2 ,L9 



< r°+rd'||(n2)V||,. ,^■W^\\,^ rAV 



using the bound (|9.24l) for /, the X2 bound for w" and y^, and the L'^P bound for 
y" , where cj are constants, small compared to 2'^ and 2'^ , such that Uj ^ uq + Cj 
for j € {0, 1}. If we then sum and integrate over rrii and /3i, then multiply by 
2-|d -d I j^j-^j g^j^-^ Qygj. gj' g^^^j gj"^ .^g quantity bounded by T"+. 

Assume no ~ ^2 ^ {0, i^i — A:}. Let A = no — n2, we can rewrite the expression 
for Ssub as 

o < rp0+r)-0.999sd+O(s)\d'-d"\ I A R C v 



X Dx-ni+cua'^{oiQ - Oil - a2 - a':^ - 'B.' + C2) " J]^ da; -dag, 



1=0 

where Cj ^ 2^ are constants, and the summation-integration is restricted to the 
subset where all the restrictions made above are satisfied by (no, • • • , na, ao, ■ ' ' j 0^4) 
which is defined in terms of our new variables (as well as the intermediate variable 
n'3) by 

n2 = no - A, ns = ng - fc, as = - \n'^\n'^ + \n3\n3; 

3 

ng = A - ni - iCi + fc, a4 = ag - ai3 - |no|no + ^ |n;|n; - K2. 

1=1 

We can check from the assumptions made above that no two of (— no, ni.n2, ng) 
add to zero. Moreover, the S' is defined by 

S' = S'(no,ni, A) = |no|no - |ni|ni - |n2|n2 - jnglng, 

and the relevant functions are defined by 

^no,ao (^0) |/no,ao|' ^ni.ai — (^l) |(('^ ) ^)ni,ai|; 
Cn2,a2 ~ ('^2) \iy )n2,Q;2|i -^rigjCtg — | (j/ jrigjOijI- 
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When restricted to appropriate subsets (for example, we must have no ~ ^^2 ~ '^'^ 
and n\ ^ n-i ^ 2'^ ), these functions will verify 



,0.002sd 



(10.19) PILizp' + mWiv + ||C||,Pii + \\D\\i^n- < 2' 

In fact, due to the restrictions we made, we can bound all the variables by 2'^'^^''*; 
so when we replace L*^ norm by norm we lose (by Holder) at most 2'~^^'^~^^'^ . 
Thus the bound for A follows from (|9.24|) . and the bound for D follows from our 
assumption about y". The bound for C follows from the X2 bound for y^, while 
for B we simply estimate (note that (ai) <C 2 900) 

\\B\\lH^ < 20(i-«)i(ni)'-(ai)''(u;")'^i^.,, 

< 20(i-«)''2i^||(7ii)^(ai)^(u;")"i^,,, 

using the Xi bound for w" . Note that by inserting x(i) to w" , we may control the 
FLP norm by the l^L'^ norm. 

Now we need to estimate Ssub under the assumption of (jlO.lQp . First replace the 
bounds in (|10.19p by 1, so that we only need to bound the summation-integration 
part of Ssub by 2°-^^*'*''. Fix uq and ai which are ^ 2°"^'^ (then integrate over 
them), we may assume A and B are functions of no and ni only, and are bounded 
in P and respectively. We then bound (with Cj ^2^0 being constants) 

S'sub = / da2dQ!3 • ^ An„BniCno-X,a2 X 

X £'A-«i+ci,Q;,(a2 + 0^3 + S' + C3) 

< y"(/0>"^"'' / daada^ V An^B^.Cno-x.a.D 



peZ (r!o,ni,A):LH"J=p 



(10.20) < sup / d«2d4 • { 



"0 "0 — A,a2 

(no,ni,A):LH"J=p 
(no,ni ,A): [E:"J =p (no ,ni , A): [H" J =p 

where we write a2 + ajj + S' + C3 = S" for simplicity. Now for any positive function 
En^ of ni, when p and a2, ajj are fixed, we may bound 



(no,ni,A):LS"J=p "l (no ,A):E:'=c" 



(where c' and c" are constants depending on 0,2 , 03 and p) , thanks to part (iii) of 
Lemma 19.41 (or actually, an argument similar to the proof of that part). The same 
inequality holds if we replace n\ by A — ni + c\ (which equals ng plus a constant). 
Therefore we can bound the second factor in (|10.20l) by 2°('*'')''||B||,4 < 2°("')'^, and 
the third factor by 2'^^'' ^''|l£'.,a' h^- I 

gnormg the 2'^(^ factors, we thus bound 
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([T0:20| by 



S'sub ^ sup / daadajj • 11^, • V ^l^Cl^-x.a. 

< sup /" ( ^ ^'o^no-A,aJ 

3 ^ (no,ni,A):L="J=p 

< sup / da2 • ^ A„oCno-X,a2- 



3 {na,ni,\):[^"]=p 

Now we fix p and Notice no — A = n2, and that 
(10.21) A„„<F„,:=f ^ At 

^ |m-n2|<2i-9'-<' 

which is because |no — 71.2! < 2^-^*'^, we proceed to estimate 



^sub S / dQ!2 • 2^ i^n2C'n2,a2 

(ni,n2,A):LS"J=p 

< 20(^')''Vf„, /c„„„2da2 

< 20(^')'^||F|L,n|C^II;.L- 

Here we have again used the divisor estimate as above. Finally, notice that 



IIP 
hp'' 

"2 \m-7l2\<2^'->"^ 



1.91sd , 

SO we deduce that S'J^f^ < 2 p' < 2'^-^^''*'*, as desired. 

It remains to consider the case where (rt;) <^ 2^ for some I. Note that if 
{ijii) + (/3j) + (04) > 2^ for some i, the weight |$3-5| < 2"'='' or the NR factor (as 
defined in (jnTT)) ) satisfies |S| > 2(1+'=)'', we will be done using the same arguments 
as before. This in particular includes the cases when (i) three of the ni are > 
2t and the remaining one is <^ 2^; (ii) at least two of the ni are <C 2^^ and 
("•2) + ('^■3) ^ 2^; (iii) both n2 and are <C 2^, and nQiii < 0. 

Now we assume that noui > 0, and (712) + (n^) ^ 2^. Let uq — ni — k and 
"-2 + 'T'S = ^, so that |/e — Z| ^ 2!i'). If I < 2ro, we must have (^2) + (71.3) <C 2^ (or 
we gain from the factor) . These two variables being small means that we will be 
able to repeat the argument made before and gain 2'^'^ even if |S| is bounded below 
by 2°-^^'' instead of 2^^+"^'^. But when |S| < 2"-^^'', it is clear that we must have 
fc = 0. If / ^ 2 so we will have k ^ I, so that 



\no\no 



ii\ni\ > 2'*|fc| > 2^|/| > \\n2\n2 + \n3\n3\, 



which implies |S| > 2~sa~ ^ contradicting our assumptions. Thus in any case we 
deduce that no = n-i ~ 2^. Now we may use the expression (|10.3p for S, but with 
/' and w' replaced with / and w" respectively (see the proof of Proposition 19. 3| 
note that we have made no restrictions for ao or ai). 
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Next, suppose (712) + (na) ^ 2'' , we may assume d' < j^, otherwise we will gain 
a power 2'^'^ from the weight (note that n2 + equals a linear combination 
of the m variables since no = ni). We will fix d and d' (then sum over them). If 

(m-i) <C 2^ for all i, then we gain a power 2'^'' from the weight otherwise we 
have {nii) > 2^ for some i, so we may extract a power 2'^'^ from the factor 
(without affecting summability in rrii). In any case, we will be able to fix rui and 
l3i and sum over them later, and the Ssub term can be bounded by 

no,ri2 



'(T) 



(2: )n2,a2 I ' I )ci— n2,Q3 I ' miu I T 



3 



< 2-ca'j.o+j2 ||A;,|LJ(((«^"r)no)lL.niK^')"'(^')«JLi 

< 2"='^'T°+Td. 

using the bound (I9.24p for / and the bound for w" , where Cj are constants, 
= ci — n2, and the integral (T) is over the set 

{(ao, • • • ,a4 : ao = au - |n2|n2 - |ci - ri2|(ci - ri2) + C2)}. 

Now we can (sum over nii and integrate over /3j and then) sum over d and d' to 
conclude that S is bounded by r°+. This proves Proposition llO.il □ 

11. The a priori estimate IV: The remaining estimates 

In this section we will construct appropriate extensions of u* , v* and u so that 
the improved versions of (|8.9p and ()8.10p holds. Note that we have already con- 
structed a function, denoted by w'"'-', that coincides with w* on [— T, T], and verifies 
ll'u^^^'* IIfi < Coe'-^°^. We will fix this function in later discussions. In particular, 
we may (starting from this point) redefine the (5„ and A„ factors as in (j7.27p and 
()7.28p by replacing w* with w*^'*^ (instead of w") and u with u'". 

11.1. The extension of u. Fix a scale K so that K = Clsc'-^^^^ where C1.5 is 
large enough depending on Ci , and the C2 defined before is large enough depending 
on C1.5. In order to construct a function u^^^ that coincides with u on [— T, T] and 
satisfies 

(11.1) ll(a.)-^^(')||^2 + Il(a.)-^^(5)||x3 + \\{d.)-'\^'^\\x, < CoA, 

we only need to construct P>if u*^^) and F<ku^^^ separately. 

To construct P>/<-u(^\ simply note that u" coincides with u* on [— T, T], and we 
have ||u"||y2 — Cie'^^'^; thus if we define (u'^-')„ — e'^"(u")„, where A„ is redefined 
as above, then P>a'U^^-' will equal F^ku on [— T, T], and we have 

(11-2) < 001(1)6^"^^^, 

for j g {2,3,4}, thanks to Proposition 18.91 Here note that the exponent in 
that proposition can actually be replaced by s'* (which is clear from the proof), 
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and the current ((5„,A„) also verifies Proposition 18.71 (in the same way as the 
((5„,A„) defined in Section |8] does) . Since we are restricting to high frequencies, 
the inequality (|11.2p will easily imply 

for j g {2,3,4}, which is what we need for P>xu'^-'. 

Now let us construct P<ku''^^. Recall that the function u verifies the equation 
(jl.6|) . and the Y2 norm of x{t)s~*^^'"°u{0) is clearly bounded by CqA, we only need 
to prove 

ft 



(11.3) 



with the implicit constants bounded by Oci 5(1)6*^°'^^^^, where X'^'^ is the stan- 
dard space normed by Define the function m^^^ by equations (|7.ip 
and (|7.2[) . with the u appearing on the right hand side replaced by m'", and v re- 
placed by P<ow"' + w'" with v'" defined bjQ («'")„ = e'^"{v")n and w'" similarly, 
so that u^*"^ coincides with u on [— T, T]. We claim that 

(11-4) ||£(1[_T.T]P#0(( W)')) ll^-i,. < T0+. 

This implies (|11.3p , since the two functions on the left hand side of (|11.3p and (|11.4p 
coincide on [—T,T]. 

Let J\f = F^oHSnu^'^^)'^), we wih have 
(11.5) M 



"0 - 2A'i2^i!^2! 

ril+n2+"ilH hm,,i2="0 i=l i=l ' 

where z = P<ow"' -I- w'", ^ is the product of some ip factors and two characteristic 
functions l^^ l^^ , where 

El = {wi(ni -I- mi^J < 0}, -E2 = {a;2(fi2 + '^^1+1,^12) < O}- 

Now, by the same argument as in the proof of Proposition 17. II (note that uq ^ 0), 
we can rewrite the right hand side of (|11.5p as a sum of the same form, but either 
with bounded by 1 and ni + no ^ 0, or with ^E* bounded by 7 — 1™'/^"'"!"°/'' — r for 
some i. 

To prove ()11.4p . we will use the function g and / as in the previous sections, and 
fix the scale d as before; we are then reduced to estimate (with fi = (112) 



2 



TT (""') 



no=ni+n2+mi-\ h"if, '"^^ (=1 i=l 

where 4> is the Fourier transform of 1[_t,t]j the integration (T) is taken over the 
set 

{(ao, • • • ,a3,/3i, • • • ,13^) : ao = + /^i^ + S}, 



^Note that the A„ here is different from the A„ defined in Section \E\ Later we will further 
modify the definition of A^, and this will be clearly stated at that time. 
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where the NR factor 



A* 

S = |no|no - |ni|ni - \n2\n2 - ^ \mi\mi. 

1=1 



We may assume that (no) and {mi) are aU <C 2 00; otherwise, since we can gain 
some smaU power of {mi) and any large power of (no) (because of the ^ index), 
we win be able to gain some power 2'^'^. Then we simply fix {mi, Pi) to produce 
Ssub, then bound / in L^L^, in L^L^ and (j>a^ in l^+L^+ with 2°(")'^ loss to 
conclude. Now, since hq and all are small, we have either ni + n2 ^ (which 
implies |5| > 2'*) or \'^\ < 2~'^'^ (so we can proceed as above). In this case at least 
one of the a or 13 variables must be > 2"*; since we will also have uJini < and 
hence z — w'" which is bounded in Yi by Cie*^^"*, we will always gain a power of 
at least 2'^^^~'^^'^ from the corresponding factor, then proceed as before to estimate 
Ssub and then S, with a loss of at most 2'-'^'^^'^. Finally, note that we always gain a 
power T^^ which overwhelms any loss Oci 5 (l)e'^'^i 5 we have already proved 

dm. 

Next, note that (u*)„ — e^'^"u„ on the interval [—T,T], we have 

{dt + Hd^,){u*)n = e-'^^-idt + Hd.,^)un - ie-'^"{6nUn). 

The first term on the right hand side can be bounded in X^~''^^^ using Proposition 
18.91 and what we proved above, while the second term is easily bounded in the 
stronger space X~^^'^, by Oci 5 (l)e*^'^i-6 Therefore by the same argument, we 
can construct an extension of ¥<:ku* that verifies (18. 9p . 



11.2. The extensions of u* and v* . Now, in order to construct appropriate 
extensions of V^ku* and v* , we need the following 

Proposition 11.1. Let Sn and A„ be redefined using |7.^7| ) and ^7.28\ ), this time 
with w* replaced by w'^^ and u replaced by u^^\ then the new factors will verify 
Proposition \ 8. 7| with the constants being Coe'^°^ instead of Oci{i)e'~^°'^''^^ ■ 

Now suppose h, k and h' , k' are four functions, supported in \t\ < 1, that are 
related by (/i')„ = e'^"/i„ and {k')n = e^^"kn- Assume that 

(11.6) {h'u = j2c, E *-(^^vn^^^' 

fj. no=ni+mi-\ hni^, 'i=l * 

with ^ bounded, we will have \\h\\Y2 ^ C'oe'^''"^||fc||y2 ■ Moreover, if is nonzero 
only when {mi) > K for some i (again, the constant here may involve polynomial 
factors of fi), then we have ||/i||y2 ^ ^''~ll^l|y2- 

Proof. The estimates about Sn and A„ are proved in the same way as in Proposition 
18. 7| notice that all the relevant norms bounded by Oc\{^)e'^'''^^^ there are now 
bounded by Coe'^"'* in this updated version, thanks to the construction of w^^^ in 
previous sections and the construction of u^^^ above. 

Now we need to bound ||/i||xj for j G {2,3,4,8}. By fixing and then summing 
over n, we may assume that 



no— ni+mi — \-m^ (-^) i—1 
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where the integration is taken over the set 

{(ai,a2,^i, • • • ,(3fj.) : ao = ai + a2 + Pi^ + 5}, 
and the NR factor is 

S = |no|no - \ni\ni - ^ \mi\m,. 

1=1 

Throughout the proof we wiU only use the Xj' norm for (dx)^^^ u^^^ for / G {2, 3, 4}, 
and it is important to notice that these norms are bounded by CqA instead of CiA. 

First assume j = 4. We introduce the function g with ^ 1, so that we 

only need to estimate S := {g,h). This is a summation-integration we have seen 
many times before; to analyze it, we notice that either (S), or one of (a/) (where 
I £ {1,2}) or {Pi), must be > (ao). 

Suppose (ao) ^ (S). Let the maximum of (no), (ni) and all (m^) be ~ 2'^ 
(and we fix d), then (ao) < 2^'*. If among the variables tiq and m^, at least two 
are > 2^^^'* then we will gain a net power 2^(i~'*)'' from the weights in the X'^ 
bound for g, or from the |mi|~^ weights appearing in S. Then we will be able to 
bound the (;^e'^^"i~^"o)) (^2) factor using some inequality similar to (|9.33p . fix 
the irrelevant (mj,/?^) variables to produce Ssubi then estimate it by bounding DTg 
in L^+L^+, mk and the two OIu^^^ factors in L^L^ and the (xe'(^"i-'A"o))^(a2) 
factor in where 2+ is some 2 + cs^, with a further loss of at most 2'^'^')''. 

We then sum over the {rrij, Pj) variables and sum over d to conclude the estimate 
for S. If instead only one of them can be > 2*^^"" (again, assume d is large 
enough), then this variable and rti must both be ~ 2'^. Let the maximum of all the 
remaining variables be ^ 2*^ where d' < (1 — s^)d is also fixed, then we will have 
l<^ol ^ 2''+'' . Since we will be able to gain a power 2'=(i~'')('^+'' ) from the weights, 
we can proceed in the same way as above. 

Next, suppose (ao) < (02). By invoking (|8.17p we may get an estimate better 
than (|9.33p for the a2 factor, namely 

(11.7) ||(a2)(xe'(^--^"o))^(«2)||^„ <Coe'^°^X]("^'')''' 

i=l 

for all 1 < cr < 00; the < here allows for a polynomial factor in /i. Therefore, by 
losing a tiny power of some TOj, we may cancel the ao weight in the X'^ bound 
for g and still bound the a2 factor in L^, then fix (rrii^Pi) and produce Ssub, and 
estimate it by 

9no,ao\\]^2 ll^no+ci.ai 11^1 

no 

\\{noy^{nQ){aoygno,ao\\iiL2 ' ll^m.^i ||;3li < 1, 

where Cj are constants. If instead (ao) ^ (cn)) we can invoke the ai weight in X4 
norm for k to cancel the ao weight, then notice that (ni) < (no) + {rrii) for some 
i, then bound the a2 factor in and fix all the other (rrij^Pj) to produce Ssub- If 



Ssub 



< 



< 
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(ni) < {mi) we will estimate Ssub by 

^ {nQ){mi) " "-^=0 

< \\{aoy9\\iiL2\\{niy\ai)^k\\i-,L2 ' II^^'^IIzVli ^ 1> 

where Cj are constants; note that H'u^^'' H/t'^i can be controlled by the X2 norm 
of {d^)~^''u^^^ due to If ( ni) < (no) we will instead estimate the g factor 

above in P L^, the k factor in PL^, and the u'^-' factor with weight {mi)~^ in 
Finally, if (ao) ^ (ft) for some i, we will cancel the (ao) weight by the (ft) weight, 
then fix (mj,Pj) and again get iSs«6, which we estimate by 



Ssub < V {ci)-^no)-'M--^^-'^'>\\{nonao)-''gno,ao\\L^ x 

X \\{ni}<^-'''>kr,„a,\\^, ||(™»)"'(ft)"(u('^)m.A|L2 



3i 

< ||(no)^(ao)-'^<?||,,^J|(ni)^(2-^)fc||,v^, • ||(a,)-4^\(5)||^^ < 1, 

where Cj are constants, and again note that we can gain any small power of ci, 
since ±ci is the sum of all rrij where j ^ i. 

Next, let us assume j € {2,3,8}. In this case we only use the Z^L^ norm of 
rn^^ {u^^^)mi,i3i, so we will be free to lose any power {miY for small c. Therefore 
we may fix each (rrii^Pi), invoke ()11.7p to fix a2 also (by an argument similar to 
the proof of Proposition 18. 9p . then reduce to bounding li^Hxj hi terms of ||fc||xj , 
provided 

|^"o,ao| — I ^no+ci,ao + |"o+ci|(no+ci)-|no|no+C2 I • 

1/3 

But since the bound we get is allowed to grow like (ci)* (note that — ci is the 
sum of all mi, and we are allowed to lose {miY for small c), this will be easy if we 
examine X2, and y separately (in particular, we will use the definition of the y 
norm). The only thing we need to address is the (n) weights in the definition of X2 
and X3, and the step of taking supremum when obtaining norm from y norm; 
however, by a standard argument we can show that through these we will lose at 
most (ci)"^*^^^ power, which is acceptable. 

Finally, we may check that throughout the above proof, we only need to use the 
X'^ norms of {dx)~'^'^ u^^-* instead of {dx)~^ it^^^; thus we will gain a power i4r°+ if 
we make the restriction rrii > K for some i. □ 

To see how Proposition 111.11 allows us to construct extensions of P>i<:u* and v* , 
we first note that u* is real valued, so we only need to construct an extension of 
P>+/<-u* (which is an abbreviation of P+P>i<-u*). Now, in Proposition 1 1 1 . 1 1 we may 
choose k to be an arbitrary extension of v* and h to be some extension of u* (and 
choose h' and k' accordingly) so that ()11.6p holds with appropriate coefficients (cf. 
(EH) and 

Exploiting the freedom in the choice of fc, we will set P+fc = w^'*-' and P<ofc = 
P<ow". The part coming from P+fc is bounded in Y2 (before or after the P>+if 
projection) by Coe'"°'^ due to Proposition 111.11 since we already have Hw^^^Hra ^ 
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1 1 w^''^'' 1 1^1 < Coe'~^°^. As for the part coming from P<ofc, we must have no > K 
and ni < in ()11.6p . so the factor will be nonzero only when {rrii) > (/i + 
2)~^K for some i, thus we may again use Proposition 1 1 1 . 1] to bound this part in 
Y2 by OcA'^)^^°^'^K^~ < 1: since we have \\v"\\y2 < Cie^^^. This completes the 
construction for the extension of u* . 

Now, to construct the extension of v* , simply set the k in Proposition [TTTT] to be 
u^'^^ (which is the extension of u* we just constructed) and h to be some extension 
of V* so that (|11.6p holds with appropriate coefficients. Then this extension will do 
the job, since we already have ||u'-^''||y2 — Coe^°^. This finally completes the proof 
of Proposition 18. II 



12. The a priori estimate V: Controlling the difference 

The main purpose of this section is to provide necessary estimates for differences 
of two solutions to (|1.6p . First we need to introduce some notations, including the 
definition of the metric space BO'^ , which will be used also in Section [T^ 



12.1. Preparations. 

Definition 12.1. Suppose Q = {u" ,v" ,w" ,u"') and Q' = (u'l'l', ■u'l'l', w", are 
two quadruples of functions defined on M x T, we define their distance by 

2).(Q,Q') = \\{d,)-^{w" -w»)\\^^ + \\{d,)--iv" -v»)\\^^ + 

for a €E {0, s^}. In particular, if cr = Q' = 0, we define the triple norm 

"II I IL."II I IL,"II I II /a \— s''„y"|| 



So(Q,0) - k«" L + k;" L + k" I + (a. 



u 



Yi ' ir 11^2 II II V2 11^^' 11x20x30x4' 

Next, suppose u and u~ are functions defined on / x T for some interval /, we will 
defin43 the functions {u* ,v* ,w*) corresponding to u, and (u^ jV'^ ,w^) correspond- 
ing to u~ , as in Sections [5] and [7l and then define 

(12.1) ^iiu,u-) = inf DAQ,Q'), 

Q,Q' 

where the infimum is taken over all quadruples Q and Q' that extends (u* ,v* ,w* ,u) 
and (u+, w+j u;"*", w~) from / x T to M x T, respectively. We will also define = 
2)o(w, 0) = infg IIIQIII; these notations can be written in a more familiar way as 

T>i{u,u-) = \\{d,)-^w*~w+)\\y, + \\{d,)-''{v*~v+)\\y,+ 

II II J J II 11^2 

+ ||(5.)-^(u*-z.+)||^^, + ||(a.)-^--(u-.-)||(^^^^^^^^),; 

Mi = \\w*\\y^, + \\v*\\y^, + \\u*\\y^, W 4 ( X ,0 X X ' 

Now we can define the metric space 

(12.2) BO^ = {u : l\u\li < oo}. 



Note that the definition depends on the choice of the origin in Zatt, (t) = /*<5„{t')dt', but this 
will not affect the triple norm ||| ■ This does affect estimates for differences, but we need them 
only when / = [—T, T] or its translation, in which case the choice of origin is canonical. 
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with the distance function given by 2)q (we will also use £1^5, which is also well- 
defined on BO^). Finally, when / = [-T,T], we may use T in place of / in sub- or 
superscripts, so this contains the definition oi BO^ . 

Remark 12.2. If w e BO^ , we may define uux = ^dxi^^ou^) as a distribution on 
[— T, T] through an argument similar to the one in Section 1111 More precisely, we 
may uniquely define the function 

(12.3) h{t)= I e-'^'-*'^"^-''{u{t')dxu{t'))dt' 

Jo 

as an element of {X^^''^)'^ . 

In particular, we may define u € BO^ to be a solution to (|l.ip on [— T, T], if 
u verifies the integral version of (jl.ip with the evolution term defined as in (|12.3p . 
Clearly this definition is independent of the choice of origin, and [— T, T] may be 
replaced by any interval /. 

Moreover, since the arguments in Section [TT] allow for some room, the map 
sending u to h in (|12.3p is continuous with respect to the weak distance function 
2)^5 (or if we consider the map sending the quadruple Q to h). This fact will 
be important in the proof of Theorem 113.11 

Proposition 12.3. Suppose u and are two functions defined on I x T, and 
choose corresponding extensions Q = {u" ,v" ,w" ,u"') and Q' = {u^\v^^ ,w^^ ,u^^^). 
We then have 

(12-4) l|w|lcO(/^Zi) ^ IIIQIII; ^ 

Concerning differences, we only have the weaker estimate 

(12.5) ||(a.)-^'\u-7.-)||c0(/^z,)^O|||Q|||,|||Q,|||(l).D,5(Q,Q'); 

(12.6) 11(9,)-^^. - u-)\\co^i^z^) < Oe,|||c|||,|||e'|||(l) • So(Q, &), 

for all > 0, where the constant may also depend on the upper bound of the length 
of I. Note that the 9 in U2.6\) cannot be removed, thus C°([— T, T] — >■ Zi) cannot 
be embedded into BO^ as a subspace. 

Proof We may assume / = [-T,T] with T < 1. The inequalities in (|12.4p fol- 
low directly from definition (and the fact that u(t) and u"{t) have the same Zi 
norm for t g [— T, T]); the proof of ()12.5p and (jl2.6p are similar, so we only prove 
(fT23| . Assume |||Q||| + |||Q'||| < 1 and 2)^5(2, Q') < e, we wiU define A„ and A" 
corresponding to Q and Q' as in (|7.27p and (|7.28p using functions [w" ,u"') and 
{w^\u^^^) respectively, then set u' and be extensions of u and u^, defined by 
{u')n ~ x(i)e'^" («")„ and similarly for . Since 

(12.7) \\{d.)-'\u" - u^^)(t)\\^^ < S),5(Q, Q') < e, 

we only need to estimate the function z defined by z„ = (u")„(e''^" — e'^"). Due 
to the bound |||Q||| < 1 which implies the bound the the Zi norm of each u"{t), we 
only need to prove 

(12.8) |xW(e'^"-e'^")(t)|<£(n)^' 
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for each n and t. Using the arguments in Lemnia l8.61 it suffices to prove the bound 
for 5n — 5^ , but if we use (|7.28p , this will be clear from the strong bounds on w" 
and w^^ , and the weak bound on their difference. □ 

12.2. Statement and proof. Now suppose u is a smooth function solving ()1.6|) 
on [— T, T]. The arguments in Sections ISlfTOl actually give us a way to update a 
given quadruple Q = {u" ,v" ,w" ,u"') extending {u* , v* , w* , u) to a new quadruple 
Q' — {u''^\ v^^\ 'w''^\ u^^"^) , which remains to be an extension, and verifies better 
bounds. We will define 3 to be the map from the set of extensions to itself, that 
sends Q to Q' . Using the arguments from Sections [51ITU1 we can prove 

Proposition 12.4. Let Ci he large enough, C2 large enough depending on Ci, and 
< T < C2^e^^'^. Suppose u is a smooth function solving \1.6]) on [— T, T], and 
Q is an extension satisfying 

(12.9) IIQII < C,e^^\ l|(5^)-^'""'L.nX3+nx. < C,A, 
then the same estimate will hold if we replace Q by 3Q. 

Now we can state the main proposition in this section, namely 

Proposition 12.5. Let Ci, C2 and T be as in Proposition \12.4\ Suppose u and 
u~ are two smooth functions solving U.6]) with truncation Sn and S]\i respectively, 
where 1 <^ N < M < 00, Q and Q! are two quadruples corresponding to u and 
respectively, such that il2.9\) holds, and that 

(12.10) S),5(Q,Q')<5 
for some B > 0, then we have 

(12.11) S),5(3Q,3Q') < | + Oc,(l)e^°^^^(||(a.)-^'(u(0)-«-(0))||^^ + 7V"-), 
where Cq is any constant appearing in previous sections. In particular, we have 

(12.12) ^^,{u,u-)<Oc,.Aa){\\{d.)-'"iu{0)~u-{0))\\^^+N"-), 

provided \\u(0)\\zi + 11^ (0)ll2i — ^ /'^'^ some large A. Moreover, if M = N, we 
may replace the S^s distance by the Dq distance and remove the N'^^ term on the 
right hand side of \12.12\) . 

Proof. When we take differences in the case M = N the right hand side will involve 
only factors like u — u~ and not the ones like P>Aru, thus we will not have an 
term on the right hand side. Also, it is easy to see from the proof below that 
removing the {n)~'' weight will only make arguments easier. Thus we will focus on 
(|12.12p now. By an iteration using Proposition ll2.41 we only need to prove (|12.1ip 
assuming and (|12.10l) . 

Recall the functions (5„, 5~ , A„, A~ and y, y~ that come from the two quadruples 
Q and Q' in the same way as in Section [8.21 The two functions y and y~ will verify 
two equations with the form of (|8.12p separately. Clearly we may also assume all 
relevant functions are supported in |i| < 1. To bound the first part of D^s (JQ, 3Q') 
requires to prove 

(12.13) \\{d^.r'\y - y')\\y^ < ^ + Oc.(l)e^°^^^(0 + iV°-), 
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where we denote \\{dx) ("(0) — u {0))\\zi ~ & for simplicity. 

By another bootstrap argument, we may assume (|12.13p holds with right hand 
side multiplied by Oci(l)- Recall the equations 

(12.14) y = x{t)e''^-w{0)+£{l[^T,T]^^{y,y))+ ^ £{1[_t,t]^^); 

je{3,3.5,4,4.5} 

(12.15) 

y- =xit)e'''>-w-iO)+£{l[^T,T]J^^-iy-,y-))+ J2 S{M-t.t]^''), 

j"e{3,3.5,4,4.5} 

where Af-' and A/'-'~ are suitable nonlinearities; to bound y — y^, we will first bound 

je{0,3,3.5,4,4.5} 

where the definitions of M.^ and are clear (the term j = corresponds to the 

linear term which can be bounded hy 9 + N'^^ , so we will omit this below) . 

Here it is important to note that all the hounds in the previous sections are 
proved directly using multilinear estimates, thus they will automatically imply the 
corresponding estimates for differences. In fact, when we try to estimate ~J\A^~ 
by introducing some (f/, /) and forming an S expression, there are a few possibilities: 

(1) Suppose we take the difference y — y~, or (for example) some w" — directly. 
Then one of the y or v" factors appearing in the previous sections will be replaced 
by this difference. Note that if we estimate this difference in the weakened norm 
II {9x)~^ • Wyj (we use X2 n n X4 norm for u'" — u^^^, but the proof will be the 
same), we will get a bound Oci (l)e'^°'^^"^(-B + 9 + N^^) which is what we need; 
the loss coming from using this weaker norm can be recovered from the fact that 
we only need to estimate the weaker norm of Ai^ — M.^~ . To be precise, for each 
multilinear estimate we prove in the previous sections, suppose the term we bound 
in the weaker norm (i.e. the norm involving {dx)~'^ ) corresponds to the variable 
n;, then one of the followings must hold: (i) we can gain a power 2^°+^'^ in the 
estimate, where the 0+ is at least cs^'^, and we also have (n/) < 2^*. In this case it 
will suffice to use this weaker norm in all the discussions before, so this part will 
be acceptable; (ii) we have (no) > {ni) (for example, when no = n; and the other 
variables are small compared to them). In this case, since we only need to estimate 
the output y — y^ in the weaker norm, we will gain a power (no)** compared to the 
proof in the previous sections, which is enough to cancel the loss (n;)* , thus this 
part is also acceptable; (iii) we have (no) ^ 2'' and (nj ^ 2^^ , and the expression S 
involves the factor 2~l'^~'* I (this appears, for example, in various "resonant" cases 
in Section [3] and Proposition llO.il and is characterized by the need to use (|9.24p V 
In this case we lose at most 2^ ^'^^'^ ' from the additional weights compared to the 
proof in the previous sections, which can be cancelled by the 2~l^~'' I factor, so it 
will still be acceptable. To conclude, we can estimate this part oi y — y^ in the 
weaker norm as 

T°+Oci {l)e^"^''^{B + 9 + N"-), 

by repeating the arguments in the previous sections, with minor modifications il- 
lustrated above. 
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(2) Suppose we take the difference of the $ weights. The difference will verify 
the same bounds as the weights themselves; moreover it is nonzero only when some 
TO or n variable is > N. Therefore we may replace one of the y or v" factors 
appearing in the previous sections by P>jv2/ or ¥>nv" ■ We then proceed as in case 
(1), estimating this particular factor in the weakened norm to gain a power N'^~ , 
and bound the whole expression in the same way as in case (1). 

(3) Suppose we take (for example) the difference v' — v\ where (u')n = e"^"(w")n 
and {v^)n = e'^" (i"^^)™; alternatively, suppose we take the difference 

gi(±A„„±A„,±... ) _ gi(±A-^±A-^±... )_ 

It turns out that whenever we need to estimate these factors, we will always gain 
(from these factors themselves, or from elsewhere) some power 

2(o+)d ^j^gj.g ^jjg 

is at least cs^'^, and 2'^ controls every relevant variable (for typical examples, see 
the estimate of J(„)(a5) as defined in (jlO.lSp in the proof of Proposition 110.11 as 
well as the last part of Section HI) . Here we may use Proposition 18.61 to reduce the 
estimation of the difference of these exponential factors to the estimation of the 
differences Sn ~ themselves. Since we can bound functions like w" — w^^ in the 
weaker norm by Oci {l)e'-^°'^''-^{B + 9 + N^^), we will be able to obtain estimates 
similar to the ones in Proposition 18. 7[ but with the coefficient CqCic'^'''-^^"* on the 
right hand side replaced by (l)e'^"'^^'*(-B + 9 + N^~), with a loss of at most 
(n)'-"--'^ ) which is dwarfed by the power we gain. Finally we may use the T^'^ gain 
coming from the evolution to cancel the Oci (l)e'^"'^^'^ factor, thus this part is also 
acceptable. 

Next we need to control the difference of the terms. We will follow the proof 
in Section [9l and the part of the proof where no second iteration is needed can be 
completed in the same way as above. As for the remaining part, what we do in 
Section |9] is basically rewriting 

J^Hy,y)^ E J^'{y,Mn+J^'{y,£{M-T,T]J^\y,ym 

ie{0,3,3.5,4,4.5} 

where Af^ is the part oi Af^ uner consideration; we may also rewrite {y^ ,y^) 
in the same way. When we take difference, we may control the first term on the 
right hand side using the bound for AA^ — A4^~ as in Proposition 19. II (actually we 
have a slightly weaker version, but this will suffice); as for the second term, since it 
is bounded in Section IH] via multilinear estimates, we can again treat the difference 
in the same way as above. This completes the proof for the bound of w* — w"*". 

Next, recall that the other parts of 3Q and 3Q' such as u'^-' and u'^^\ u'*-', u^, 
v^^^ and are constructed in the same way as in Section [11] where the scale 
K is taken to be ii' = Ci.^e'^^ '^^ with C1.5 large enough depending on Ci, but 
small compared to C2. Note that we may redefine A„ and A~ when necessary. 
Now to prove ()12.10p . we need to bound the differences such as u'^'*^ — in the 
weaker norm by Oci (l)e'^°'^^"^(i^°~i3 + 9 + 7V°~). But this can again be achieved 
by combining the argument above with the proof in Section 111) if we notice two 
things: 

(1) In the proof of Proposition lll.ll we can always gain some power {rriiY^ 
for each rrii, so we will be able to cover the loss coming from using only the weaker 
norm if we take the difference of the exponential factors (cf. (|11.7p ). of if we take 
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„ y[5] ^ Pqj. i^j^g same reason, if we lose a power {m)'^'' we will be able to recover 
it from the gain (ng)^^. 

(2) From the above we already know that the weaker norm of w^^^ — w^^l can 
be bounded by Oci{^)e^°^^'^{T°'^B + 9 + iV°"). We may then prove the same 
bound (possibly with some Oci(l) factors) for P>if (u^^) — wl^l), V<k{u^^^ — ul^l), 
P<k{u'''^^ — u^*'), P>k(u^*'' — u'^i) and w*^^^ — tiW m that order, in the same way as 
in Section [Tl] (note is assumed to be larger than any power of K). 

Therefore we will be able to bound all the differences and thus complete the 
proof of Proposition 112.51 □ 

13. Proof of the main results 

With Propositions 18.11 and 112.51 it is now easy to prove our main results. Since 
the argument in this section will be more or less standard, we may present only the 
most important steps. 

13.1. Local well-posedness and stability. 

Theorem 13.1 (Precise version of Theorem 11.21) . There exists a constant C such 
that, when we choose any A > and < T < C^^e^'^^ , the fallowings will hold. 

(1) Existence: for any / G V with ||/||zi 5: A, there exists some u e BO'^ such 
that |||u|||t < Ce'~^^ , and it verifies the equation in the sense described in 
Remark \12.'A with initial data u{Q) = f. 

(2) Continuity: let the solution described in part (1) be u = $/ = (^tf)t- 
Suppose ll/llzi < A and \\g\\zi < A, then each e > 0, we have 

sup II {d,r^'' ($,/ - II + T)^ ($/, cOg) < Oc,a(1) II (a.)-^' (/ - g)|| „ ; 

\t\<T 

sup ||(5,)-^(<i>t/-$t5)|U +S)o(*/,*3) <Oe,c,A(l)||/-5|U . 

\t\<T 

(3) Short-time stability: let u = $/ as in part (2), and let <1>^ be the solution 
flow of hl.b]) and — ^^Hn f ■ Then we have 

lim fDf5(M'^,w)+ sup \Ud^)-'\u'' (t) ~ u(t))\\\ =0. 

(4) Uniqueness: for any other time T' , suppose u and u~ are two elements of 
BO^ with the same initial data, and they both solve kl.l]) . then we must have 
u = u- (on [-T',T']). 

(5) Long-time existence: consider any f G Zi, and define the functions as 
in part (3). Suppose for some other time T' and some subsequence {Nk\ that 

(13.1) sup|||u^'=|||t' <oo, 

k 

then there exists a solution u G BO^ to hl.l]) with initial data f . 

Proof. Suppose / G Zi and ||/||zi < A, and \ei Q < T < C^^ e^'^'^'^ with constants 
as in Propositions 112.41 and 112.5] Consider as defined in (3); using Proposition 
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IS-H we may choose for each N some quadruple Qn corresponding to that verifies 
(fT2Jl) . We then define 



(13.2) Q^^a^Q^, 

then it wih be clear from Propositions 112.41 and 112.51 that 

(13.3) IQ^I < Cie^i^; 

(13.4) lim D,5(Q^^Q^) = 0. 



By a simple completeness argument we can then find some Q so that S^s (Q^, Q) — > 
(in particular Q will have initial data /), and by an argument similar to the proof 
of Proposition [3H we deduce that |||Q||| < Cie^^^. By using Remark 112.21 "^c can 
now pass to the limit and show that the quadruple Q gives a solution u G BO^ of 
p.ip on the interval [— T, T]. This proves existence. 

Parts (2) and (3) will follow from basically the same argument. In fact, for each 
(/)fl')) we may construct and corresponding to ^^IIjv/ and ^^UnO as 

above, so that they have uniformly bounded triple norm, and moreover 

D.= (Q^,Q^-) < \\{d^)-'\f-g)\\z,+N''-. 

Using Proposition 112.31 and passing to the limit, we obtain the result in (2). The 
result in (3) follows from comparing with Q and using Proposition 112.31 also. 

As for part (5), we will deduce it merely from the condition that |||it^'= < A 
and 

(13.5) Wid^r^'in^" ~u){0)\\^^^0, 

which is clearly satisfied in our setting. Choose some r small enough depending on 
A, then |ju(0)||zi — CqA implies we can solve (|l.ll) on [— r, r], and from (Proposition 
112.51 and) what we just proved, we also have 

(13.6) \\{d,)-'\u^^ -u)i±T)\\^^^0, 
and therefore 

(13.7) \\u{±t)\\z, <limsup||u^H±^)llzi < CqA. 

This information will allow us to restart from time ±t, and thus obtain a solution to 
()l.ip on [— 2r, 2r]. Repeating this, we will finally get a solution on [—T',T'], which 
we can prove to be in BO"^ using partitions of unity. This proves (conditional) 
global existence. 

Finally we need to prove uniqueness. Let u and u~ be to solutions to (II. ip 
that both belong to BO^ and have the same initial data. Let their strong norms 
be bounded by A, and choose r small enough depending on A. To prove that 
u = u~ on [— T, r], we need to prove the following claim: if for quadruples Q and 
Q corresponding to u and u~ respectively, we have 

(13.8) IIIQIII + IIIQ'III < A ^s4Q,Q')<K, 

then with Q replaced by CTQ and Q' by JQ', the inequalities will hold with A 
unchanged and K replaced by K/2. Thus we need to repeat the whole argument 
from Section[8]to Section\^^without the smoothness assumption. Fortunately, since 
we have chosen r < t{A), we do not need the bootstrap argument (which requires 
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a priori smoothness) in bounding the evolution term; however, we do need this in 
Section |8] when we try to obtain a first bound for ||y||Fi- 

This difficuhy can be overcome as fohows: first, we may check every part of 
Sections [U [9] and [10] that in order to bound y in Yi using the evolution equation 
(|8.12p . it will suffice to bound y in some weaker space defined by (cf. Section 
1231) 

(13.9) \\u\\y.. = \\u\\xr + \\n\\x^ + \\u\\x^ + \\u\\x^ + Mx-- 

Here to obtain the norm, we weaken the Xj by decreasing the powers b in (|2.2I) , 
K, in (|2.5p and | in (|2.8p by s^, and increasing the indices 1 in (|2.3p and q in (|2.6p 
by . Notice that any power of n and any norm 1^ remain unchanged. Therefore, 
we only need to show that the linear map L defining y from w" (see Section ing is 
bounded from Yi to F/", since this combined with the proof fro Section [8] to Section 
[TOl will give us a stronger bound of y in Yi and close the estimate (note that after 
the end of Section [TUl all the arguments will not depend on smoothness, and we 
will be able to finish just as Sections [TT] and [T^ . 

Now, suppose < 1, we can easily show that + ^ 1 using 

the decomposition 

(13.10) Lu = u.l[_T,T](t)+x(i)l[T,+oo)(i)e-(*~^)^^==-u(r) 

In fact the last two terms in (|13.10p is bounded in X2 and X^ because u(±T) 
is bounded in Zi, and the Fourier transform of x(^)1[t.+oo) (0 i'^ for fc > 1; 
the first term is bounded because convolution with the Fourier transform of \[^t.t] 
(which decays like (0^^ uniformly for T < 1) is bounded from L| to L| for all 
k' > k. Now to bound Lu in X™ form j E {1,4, 7}, we only need to bound the 
operator 

(13.11) L : fit) ^ l[_T,T](i)/(t) + x(i)l[T,+oo)/(r) + x(Ol(-oo,-T]/(~r) 

from to H^~^ for any 9 > 0. By direct computations we can bound L from 
to itself, thus (by interpolation) it suffices to bound L from H^l'^+^ to H^^^^^. 
But this result is well-known for the first part of L, and trivial (given the decay for 
the Fourier transform of x(Ol[T,+oo) (i)) for the last two parts. □ 

13.2. The Hamiltonian structure and global well-posedness. In this section 
we will denote any constant by C, since they no longer make any difference. We 
fix some large time T, and recall the energy functional 

(13.12) E^[f]^ l^^\dl/'f\^-^{SMff 

defined in Section 14.11 If we introduce the symplectic form 

uj{u,v) = / M • (d^^v) 
Jt 

in the (finite dimensional) space Vat, then a simple computation shows that the 
Hamiltonian equation with respect to the symplectic form w and the functional 
En is (up to a sign depending on the convention) the truncated equation (|1.6p . 
By Liouville's Theorem, the solution flow {$^}tgR will preserve the measure £n 
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which corresponds to the Lebesgue measure on (see Section ITl]) . Since this 
flow also preserves the norm as well as the Hamiltonian i?jv, we see that 

(13.13) vl,{E) = v'i,{<^nE)) 
for all time t and all Borel set E C Vm- 

Next, for any / g V, consider the functions u^{t) = ^f^IIjv/, which are the 
solutions to (|1.6p with initial data it^(O) — UnJ- Thus / i-> is a map from V 
to BO^ depending on N, therefore we may denote IIIu^IIt = JN{f)- 

Choose a large positive integer M, a parameter A depending on M, and define 
^In.a = {g€ : ||5||z, > A}, 

then we have that 

(13.14) iy°NinN,A) = iyNiTlN\nN,A)) < i^iv({/ G V : \\f\\z, > A}) < Ce-^'"^\ 

where the last inequality follows from Proposition 14.61 Cauchy-Schwartz, and the 
fact that ||^jv||l2((Jp) = 0(1) (which is part of Proposition 14. 4p . Therefore if we 
introduce 

M 

^N,M,A= U {'^fTy\nN,A), 
j=-M 

we will have 

(13.15) iyNi^N,M,A) < CAfe-^^'^'. 



If we choose A = A{AI) — C \/\og M with some sufficiently large C", then the 
inequality (|13.15p will imply v°f^(ytN,M,A) < CM^^. Now if g ^ ^n.m,a, we must 
have 

M 

for all \j\ < M. By Proposition 18. 1[ this implies 

(13.16) max |||($f g)t|L(.-i,T < Ce^c'^OT^ 

\j\<M I M ■ M I 

provided T/AI < C~-^e~'^^'^^^\ which is clearly true when M is large enough 
depending on T. Using partitions of unity, we easily see that (|13.16p implies 

|||($f5)*|||T<CAf^, 
again when M is large enough depending on T. Therefore we have proved 

(13.17) miif e V : Jjv(/) > CM^}) < CM~^ 

for all M > M{T), and hence (recall Section 14^1 for the definition of 6* at) 



(13.18) sup / log(JAr(/) + 2)eNif) dp{f) < oo. 

N Jv 

Since 0Ar(/) converges to 9{f) almost surely after passing to a subsequence, we may 
use Fatou's Lemma to conclude that except for a set with zero p measure, for each 
/ with d{f) > 0, there exists a sequence iV^ f oo so that J^^ (/) < C for some C. 
By part (5) of Theorem II 3. 1[ this would imply the existence of a solution u G BO^ 
to (11.11) on [— T, T] with initial data /. Finally, by Remark 14.31 we may choose a 
sequence of Gibbs measures {9^} so that for almost every / G V we have at least 
one 0^{f) > ; then we take another countable intersection with respect to T, to 
arrive at the following 
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Proposition 13.2. For almost every / G V with respect to the Wiener measure 
p, there exists a unique global solution u to with initial data f , such that 

u e BO'^ for each T > 0. 

13.3. The global flow and invariance of Gibbs measure. In this section we 
will restate and prove Tiieoreni ll.3l 

Theorem 13.3 (Restatement of TIieorem ll.3p . Let the Wiener measure p he de- 
fined as in Section \4.1\ There exists a subset E C V such that p(V — S) — 0, and the 
following holds: for any / G S there exists a unique global solution u to with 
initial data f such that u G BO^ for all T > 0. Moreover, let u = $/ — {^tf)t, 
then these <f>t form a measurable transformation group from T, to itself. Finally, 
suppose the Gibbs measure v is defined as in Section \^.l\ (using some cutoff function 
C,), then each <^t keeps v invariant. 

Proof. We define E to be the set of all / G V such that there exists a solution u 
to ([1TT|) with initial data / that belongs to BO^ for all T > 0. Proposition 
guarantees that p^V — E) = 0; also the map $ is well-defined on E, and each $t 
maps E to itself. Note that from part (4) of Theorem 113. 1[ any two solutions to 
()1.1|) that belong to BO^ and agree at one time must coincide, thus u will be unique 
for each fixed f ^Yi. Now fix a Gibbs measure v; to prove the invariance of v, we 
only need to show that 

(13.19) v[^t[E))>v{E) 

for each Borel subset E and each \t\ < 1, since the rest can be done by iteration. 
Define the set 

E^-{/gE: sup||$J||z, <A} 

\t\<2 

for each A, we then have E — Ua^a, so we only need to prove ()13.19p assuming 
E C E^ for some A. By iteration, it then suffices to prove ()13.19|) under the 
assumption that E C {f : \\f\\zi < A} and \t\ < t{A). Next, we introduce on the 
set {/ : ll/llzi < A} the metric 

d{f,g)=\\{n)-^''+'-{f^g)\l, 

making it a complete separable metric space. By a well-known theorem in measure 
theory, the restriction of v to this set is a finite Borel measure on this metric space, 
and thus is regular (meaning every Borel set can be approximated from inside by 
compact sets) . Therefore we may further assume E is compact with respect to the 
metric d. Recall the solution flow {'i'f'} for p.6p : for each N we have 

(13.20) ly^iig ■■ Hats = $f (Bat/i), h e E}) > vn{E) 

by the invariance of under the flow $f . To prove pXTl) it thus suffices to show 

(13.21) limsup {5 : I^Ng = $f (Hat/i), h e E) d ^t{E), 

N—>-oo 

since we already know that the total variation of i/n — v tends to zero. 

Now suppose for some g G V we have a subsequence t 00 and h^^ G E such 
that Hatj.^ = (JlN^h^'') for each k. By compactness we may assume h^'' — >■ h 
with respect to the metric d for some h € E. Since every function involved here 
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is bounded in Z\ norm by Oa(1), and we are assuming \t\ < t{A), we may use 
Propositions 112.51 and 113.11 as well as the limit 

(13.22) Wid^y^'ik^" -h)\\^^ <(^(/^^^/^)^0 

to conclude that 

\\{d.r'\^th-UN,g)\\^^ < \\{d.)-^\'fth~-'f^''UNMz, 

This implies g — ^ ^t{E), so the proof is complete. □ 
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